
Chapter Six: Number sequences 

This chapter of the current draft of my Phd thesis is made available for public 

review, under a creative commons share

(http://creativecommons.org/licenses/by

document as is, unaltered, with this page included. Do not copy, cite, quote or refer to this 

document, or any content included in it.

This work has not been published in peer

examination. It therefore is very likely to contain substantial mistakes. 

Once the thesis is approved, it will be 

This and other chapters of my thesis are available at: 

 

 

Yishay Mor, phd@yishaymor.org

 

 

 

 

Version 0.92, 13 Nov. 09 

 

  

This chapter of the current draft of my Phd thesis is made available for public 

review, under a creative commons share-alike no

http://creativecommons.org/licenses/by-nd/3.0/). You may share only this 

document as is, unaltered, with this page included. Do not copy, cite, quote or refer to this 

document, or any content included in it. 

This work has not been published in peer-reviewed medium, nor has it been submitted for 

examination. It therefore is very likely to contain substantial mistakes.  

Once the thesis is approved, it will be republished under a revised licence. 

This and other chapters of my thesis are available at: http://phd.yishaymor.org  

phd@yishaymor.org  

 

1 

This chapter of the current draft of my Phd thesis is made available for public 

alike no-derivatives licence 

You may share only this 

document as is, unaltered, with this page included. Do not copy, cite, quote or refer to this 

medium, nor has it been submitted for 

 



Chapter Six: Number sequences  2 

Chapter 6 The demonstrator problem domain: number 

sequences, representation and structure 

The purpose of this chapter is to inform theoretically the demonstrator study defined by Aim 3 in 

Chapter Three. It provides the motivation for number sequences as a curricular topic, considers some 

of the known challenges in this domain, and proposes some possible causes and remedies for them. 

The focus of this review is pragmatic: although it does aim to offer a theoretical contribution in this 

field, the main objective is to guide educational design. The resulting tools and activities are 

evaluated in Chapter Seven and systematised in Chapter Eight. 

6.1 Overview 

This chapter draws on the educational research literature to guide the design of a set of activities for 

learning mathematics. The point of departure for this enquiry is the belief, expressed by Bob Burn, 

that "Learning or growth in mathematics consists of a transition from experiences of the particular, 

through pattern recognition or problem solving, to perceptions of a generic" (Burn, 2005, p 269). 

With this in mind, this chapter proposes a path of learning which starts from the observation of 

patterns in number sequences, progresses through investigations of the structure and behaviour of 

sequences, and finishes with explorations of limits and convergence. The argument itself proceeds 

as follows. I first review the fundamental motivations for using number patterns as an entry point to 

mathematics. I review some difficulties associated with the transition from patterns to algebraic and 

functional structures. I identify several barriers in this domain, and consider these in a broader 

theoretical perspective. These barriers include the tension between closed-form and recursive 

representation of sequences, the tension between relating to a sequence as an object and as a 

process, and the tension between normative and naïve interpretation of mathematical symbolism. 

The notion of narrative emerges as a theme which cuts across these issues. Reflections on these 

observations lead me to suggest a framework of activities in which to construct and discuss models 

of number sequences in a medium which allows them to create mathematical narratives. I argue 

that programming can, under certain circumstances, provide the medium of construction. I also 

emphasize the social context of programming, and the need to support it in the design of 

collaborative media. 

6.2 Number patterns, sequences and mathematical structure 

6.2.1 Why patterns? 

This section presents some motivations for focusing on number sequences as a domain of 

exploration. In many countries pattern recognition and generalisation are considered fundamental 

to mathematical thinking, and serve as a fruitful pathway into algebraic expression. The English 

National Curriculum
1
 for key stage 2 (age 7-11) states that students should: 

                                                           

1  From the curriculum online website, http://www.nc.uk.net/  
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recognise and describe number patterns, including two- and three-digit multiples of 2, 5 or 

10, recognising their patterns and using these to make predictions; make general statements, 

using words to describe a functional relationship, and test these; recognise prime numbers to 

20 and square numbers up to 10 * 10; find factor pairs and all the prime factors of any two-

digit integer. 

Whereas at key stage 3 (age 12-14) they should be taught to: 

generate common integer sequences (including sequences of odd or even integers, squared 

integers, powers of 2, powers of 10, triangular numbers) 

find the first terms of a sequence given a rule arising naturally from a context …; find the 

rule (and express it in words) for the nth term of a sequence 

generate terms of a sequence using term-to-term and position-to-term definitions of the 

sequence; use linear expressions to describe the nth term of an arithmetic sequence, 

justifying its form by referring to the activity or context from which it was generated 

Similar statements can be found in other curricula, such as that of Victoria, Australia (Stacey, 1994) 

and South Africa (Dept. of Education, 2002). The common theme that emerges from these examples, 

as well as numerous research papers (Sasman et al, 1999; Zazkis & Liljedahl, 2002; Mason, 1996), is 

that seeing and interpreting patterns is a foundational mathematical skill. This skill does not 

constitute mathematical thinking in itself, unless it is complemented by generalization, which in time 

manifests itself in algebraic formalism. As asserted by Lee (1996, p. 102): 

… [it is] much of a challenge to demonstrate that  functions, modelling, and problem solving 

are all types of generalizing activities, that algebra and indeed all of mathematics is about 

generalizing patterns. 

Lee also quotes Whitehead (1947): 

The history of the science of algebra is the story of the growth of a technique for representing 

of finite patterns. 

The notion of the importance of pattern is as old as civilization. Every art is founded on the 

study of patterns. 

Mathematics is the most powerful technique for the understanding of pattern, and for the 

analysis of the relationships of patterns (Lee, 1996, p. 103). 

And in the words of John Dossey (1998)  

From whence does algebra grow? It grows from the study of growth itself. One of the first 

places students see growth is when they look at patterns and patterns of numbers. (Dossey, 

1998, p 20). 
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Following this line, it seems reasonable to progress from patterns to the study of the structure of 

number sequences. However, Zazkis & Liljedahl (2002) note that most research focuses on either 

fundamental counting sequences or on advanced mathematical thinking (AMT). In the first category 

we find studies such as Steffe (1988; 1994) and Olive (1991) which illuminate the construction of the 

basic number sequence at an early age. These are outside the scope of my study. In between these 

extremes, a common theme is the potentials and pitfalls arising from observing number patterns. 

The AMT studies illuminate the fundamental difficulties facing learners and teachers. I review some 

of the questions arising from this stream of research, before turning to the middle ground of basic 

sequence concepts.  

6.2.2 Sequences as a Foundation for Advanced Mathematical Thinking  

Sequences are often seen as a path into functions and algebra. Much of the research is concerned 

with questions of limits and convergence (Davis and Vinner, 1986, Tall and Schwarzenberger, 1978, 

Cornu, 1991, Oehrtman, 2001, Zehavi et al, 2001, Sriskanda, 2003, Floris, 2004; Alcock and Simpson, 

2005a; 2005b; Przenioslo, 2005; Roh, 2007), typically in the context of advanced high-school and 

college curricula. Some of the studies reported below, though proposing broader claims, stem from 

questions regarding limits and convergence (Confrey & Smith, 1994, Cottrill et al, 1996). The notion 

of convergence of sequences is a well-documented stumbling block for students of all ages. For 

instance, many first year undergraduate students continue to believe that a sequence cannot reach 

its limit or that the limit is the last term in a sequence (Eade, 2003). Much of the university-level 

studies (e.g. Alcock and Simpson, 2005a; 2005b; Przenioslo, 2005; Roh, 2007) focus on students’ 

mastering of the Bolzano - Cauchy (ε – N) definition of limit. Przenioslo (2005) notes that the 

majority of university students formed their concepts at secondary school, suggesting that the 

problem should be tackled there. Barbé et al (2005) apply the anthropological theory of didactics as 

a lens on the teaching of limits in Spanish secondary schools. They identify several curricular and 

institutional tensions which result in school experiences that rarely transcend the technical and fail 

to motivate the content taught.  As much as such observations may be convincing, they appear 

endemic to school mathematics and do little to illuminate the specific topic. Furthermore, the 

intricate theoretical framework used to express these observations may be powerful in describing 

the state of play, but it is unclear how to use it to derive imperative insights. Przenioslo (2005) and 

Roh (2007) present specific educational designs as normative claims, although they are in effect 

design narratives. The result is over-generalised, and lacks clear distinction between generic and 

context dependent design elements. However, Burn (2005) points to a more fundamental flaw with 

the underlying attempts to students to “discover” the definition. In his words, “Never, in my 

experience, has a student proposed the standard definition of limit” (Burn, 2005, p. 270).  

The Bolzano – Cauchy definition is treated as the source of the concept of limit, where, Burn (2005) 

argues, it is in fact the outcome of a historical process, a tool devised for a purpose: 

Fundamental definitions do not arise at the start but at the end of the exploration, because in order 

to define a thing you must know what it is and what it is good for. (Freudenthal, 1973, p. 107, in 

Burn, 2005, p. 294) 

Burn (2005) calls on historical examples to propose activities which motivate the definition by 

necessitating it for the solution of computational problems. 
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Mamona-Downs (2001) offers what is, in effect, a three-step design pattern for teaching the formal 

concept of limit: 

1. Initiate and develop intuitions by raising issues in a classroom discussion. 

2. Introduce the formal definition and analyse it by reference to the issues raised in (1), using a 

particular representation. 

3. Use the formal definition and the representation as a measure for evaluating opinions raises 

in (1). 

Mamona-Downs (2001) proposes some examples of realistic problems to motivate the classroom 

discussion. However, the realism of these problems can become an obstacle as students’ real world 

experiences conflict with the mathematical ideal. The result may be a reinforcement of the 

uneasiness with the notion of infinity, which Tall & Schwarzenberger identify as the source of many 

students’ difficulties with the topic of limits “as if it were all a piece of mathematical double-talk, 

having no real-life meaning” (Tall & Schwarzenberger, 1978, p. 45). The first problem is the disbelief 

in the existence of infinity (Boero et al, 2003). A second common issue is seeing infinity as “the last 

number” (Falk, 1994). Although students intuitively accept the existence of a process that “goes on 

forever” (potential infinity), many researchers see this as an obstacle in the way to the harder 

conception of “Actual infinity” (Fischbein, 2001; Sierpinska, 1987). The distinction between potential 

and actual infinity resonates with the process-object issue which is the focus of section 6.2.5. 

Potential infinity is a property of the sequence as a process, while actual infinity is a property of the 

object.
2
 Cornu (1991) notes that even the definition of limit is read as a process (give me an ε, I’ll 

give an N) which implies a weaker qualifier than the formal mathematical statement (for every ε, 

there exists an N). Another hurdle is children’s extensively documented difficulty in expressing 

statements and reasoning about rate of change (Bezuidenhout, 1998; Carlson et al, 2003; Confrey & 

Smith, 1994; Wilhelm & Confrey, 2003). In particular, students’ initial conception is predominantly 

linear. Any ascending function is plotted as a linear growth, and any descending one as a linear 

decline (Davis & Vinner, 1986). As a response, Sacristán (1997) stresses the importance of acquiring 

awareness of the behaviour of sequences as well as the vocabulary for argumentation in this 

domain. Similarly, Salvit (1997) advocates a property-oriented perspective: reflecting on the co-

variation approach mentioned above (Confrey & Smith, 1994) and the alternative correspondence 

view (Thompson, 1994), Salvit claims it is not enough to identify patterns of change in the processes 

of sequences – these need to be associated with the properties of the sequence as an object. Such 

voices highlight the issue of representation, elaborated in section 6.2.4. 

The emphasis on limits reflects the difficulty this subject poses for many students, but to some 

extent it may also express personal and institutional agendas. If the basic epistemology of number 

sequences were better understood and supported, students would perhaps not find the advanced 

topics so challenging. Helping students develop a more complex view of sequences could hopefully 

place them in a better position to grasp advanced mathematical concepts, such as convergence and 

infinity. 

                                                           

2
 To be precise, the set: see Falk (1994), which notes that infinity is not a property of a sequence at all. 
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Kieran (1997) reviews several examples of how activities originating in observation of patterns in 

numeric or graphical sequences can create opportunities for introducing algebraic thinking. Mason 

adds an interesting observation: “The reason for emphasizing expression of generality in number 

patterns is only to provide experiences which highlight the process” (Mason, 1996, p. 65). In other 

words, we could perhaps just as well base a curriculum on graphical or auditory patterns. The focus 

on numbers is a matter of convenience. There is an implicit argument along these lines: “Starting 

from numeric expressions, we are already in the representational system of algebra. We hope that 

the transition to letters would not be too hard.” Yet the actual effect might be quite the contrary. As 

observed, cautiously, by Sfard and Linchevski: 

“The episodes discussed in this article give rise to the suspicion that most of the time 

algebraic formulae are for some pupils not more than mere strings of symbols to which 

certain well-defined procedures are routinely applied” (Sfard & Linchevski, 1994, p 223)  

Identifying a pattern is a primal capacity we share with most cogitative creatures. Explaining it is a 

high-level meta-cognitive skill which needs to be painstakingly cultivated. As many researchers have 

noted (Arzarello, 1991; Arzarello et al., 1993; Mason, 1996; Lee, 1996; Rico et al., 1996), students 

erroneously base their conclusions on superficial or incidental patterns they observe in the 

sequence, rather than on arguments referring to its structure. When students do progress beyond 

base intuitions, their arguments are predominantly empirical: they spot a pattern, then test it on 

several cases, and if it fits the test cases they are satisfied with it. Although the use of structural 

reasoning increases modestly with age, empirical reasoning remains widespread (Küchemann & 

Hoyles, 2005). Noss, Healy & Hoyles (1997) consolidate the findings of multiple researchers in this 

area, and assert that while most students are able to identify a great variety of patterns, many of 

these patterns do not readily lend themselves either to the expression of a functional relationship or 

to an algebraic representation in any straightforward way. Students who are able to apply a correct 

method to any number of specific cases often cannot articulate a general pattern or relationship in 

natural language, and expression in algebraic symbolism is even more problematic. Even when 

algebraic notation is used, it is often the outcome of the activity rather than a tool. Students who do 

produce algebraic representation rarely verify them or refer to them in their verbal arguments. They 

conclude: 

Taken together, the evidence suggests that algebraic formulation is often disconnected from 

the activity which precedes it, a meaningless extra that neither illuminates the problem nor 

provides a means for validating its solution. Algebra is viewed as an endpoint, a problem 

solution in itself rather than a tool for problem solving. (Noss, Healy & Hoyles, 1997, p. 

204). 

6.2.3 From pattern spotting to formal thinking 

The previous section presented a commonly accepted path into mathematics: begin with patterns, 

generalize these into rules, elucidate these rules by rephrasing them in formal language, and use this 

as a basis for functional and algebraic thinking. Pattern recognition is a fundamental neuro-cognitive 

skill (Eysenck, 2001; Juola, 1979) and the use of patterns as an entry point to mathematics is 

intuitively appealing. It makes sense to utilise it as a starting point. Yet, as we saw, the transition to 
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formal algebra is not so evident. Perhaps the primary element of a language is its lexicon: the set of 

symbols it uses and their interpretation. In the case of mathematics, the accepted lexicon is 

algebraic symbolism. Several researchers have commented on learners’ difficulties in acknowledging 

the conventional interpretation of algebraic symbols.  

Radford (2000) notes the “dual life” of algebraic symbols: on the one hand they are signifiers, 

pointing to abstract mathematical objects and concepts, while at the same time they are tools which 

allow us to perform actions. When we write: 

y = 3x +1 

We use x and y to express the idea of unknown quantities with a known relationship, as we use ‘=’ to 

signify equivalence. Yet the same expression is also an instrument to infer the cost of 3 theatre 

tickets, which includes a £1 fixed booking fee. Radford demonstrates how some difficulties arise 

from failure of assigning the correct meanings to the signs, e.g. by associating letters with fixed 

numeric values according to lexical order.  Nunes, Schliemann and Carraher (1993) show how other 

difficulties arise from extreme dissociation of symbols from concrete meanings, when students learn 

to perform symbolic manipulations at a purely syntactic level ignoring the context from which the 

problems are derived. MacGregor and Stacey (1993) focus on students’ understanding of letters as 

variables in algebraic notation. In an effort to go beyond others’ broad statements, they note several 

common difficulties, such as interpreting any letter as 1 or replacing it by its alphabetical 

counterpart (a =1, b =2, etc). When attempting to explain their observations, they attribute them 

primarily to inadequate teaching materials. Thus, textbooks which try to build on intuitions by using 

letters as abbreviations (w for weight and h for height) reinforce this type of misinterpretation, and 

textbooks rich in puzzles reinforce the alphabetical value misinterpretation. This conclusion is 

obviously an important one, both for the designers of educational materials and for teachers. Yet a 

second look at their examples suggests two additional factors at a deeper epistemological level: the 

tendency to interpret symbols as specific signifiers and the emergence of alternative representations 

using standard symbols. 

The first factor relates to a fundamental characteristic of human discourse. As Radford (2000) 

demonstrates, students talk metaphorically about the general through the particular. Even when 

asked to generalize, they will use statements such as “take any number, like 127”. This phenomenon 

is part of what I refer to below as narrative form: telling a “story”, where the general is implied by 

the specific. Likewise, even when contemplating a general rule, students will perceive symbols as 

referring to specific objects rather than to unknown members of a class. Even three-year old children 

can comprehend the relationship between a symbol and a specific concrete object it signifies 

(DeLoache, 2002; 2004), yet much older children find it hard to associate a symbol with an unknown 

quantity, even when they are capable of performing operations on these unknowns (Schliemann et 

al, 1998). The phenomena reported by MacGregor and Stacey (1993), such as identifying letters with 

specific measures (h for Johnny’s height), alphabetic value (h = 8) or “any letter is 1” can be seen as 

special cases of the inbred tendency to refer to the specific. This conforms to the letter as object 

interpretation noted by (Küchemann, 1981). Küchemann reports on the findings of the longitudinal 

CSMS study (1974 – 1979) which analyzed written tests and interviews administered to English 

school children aged 13-15. He notes six common forms of interpreting letters in algebraic 

expressions and maps them to four levels of mathematical understanding. At the lower levels the 
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dominant interpretations are: letter evaluated – assigning a value to the letter from the onset; letter 

not used – the letter is ignored or acknowledged but not used; letter as object – the letter is read as 

a referent to a specific object. At the third level children use letters as referring to specific or 

generalised unknowns. In the case of specific unknown, children acknowledge the idea of a symbol 

donating an unknown quantity, but still see this as a fixed, unique value. In the case of generalized 

unknowns, they have expanded this view to include sets of values under some constraints. Only at 

the highest level do children recognise letters as variables: unknowns which can be manipulated and 

put in relations without specifying their value. Although Küchemann suggests some correspondence 

between these levels of understanding and Piagetian stages, he emphasizes that there is no simple 

correlation between levels and age or school experience.  

It is interesting to compare this view with the historical perspective. As argued by Burn “where 

current psychological research does not map out a path consonant with student intuitions, historical 

enquiry can reveal actual steps of success in learning” (Burn, 2005, p. 271). Sfard & Linchevski (1994) 

identify five stages in the historical evolution of Algebra. The first three they group as Generalized 

Arithmetic and the last two as Abstract Algebra. The Generalized Arithmetic phase is characterized 

by forms of algebra which are extensions of recipes for doing arithmetic. At first, in the operational 

phase, these are “rhetorical”, verbal recipes for performing useful calculations. Diophantus (circa 

250 AD) was the first to introduce a scheme using letters to signify specific unknowns, signalling the 

shift from the operational to the structural phase. Yet Diophantus’ Arithmetica deals with specific 

problems. The general methods are implicit or explained with reference to examples. Diophantus’ 

symbolism is in fact a form of shorthand: abbreviations he adopts to simplify his verbal (or narrative) 

mathematics. Such use of symbols is equivalent to what Küchemann identifies as letter as object. 

Radford (2004) claims that the Greeks were concerned with the nature of the mathematical object, 

whereas the Renaissance scholars were interested in the process of its coming to be. Yet, without a 

language for referring to unknowns, the objects referred to were concrete and specific. The form of 

mathematical discourse before the emergence of algebraic symbolism was narrative: one told the 

story of performing a particular computation – and the reader was expected to infer the general 

method implicitly. According to Sfard and Linchevski (1994), the structural stage is followed by the 

functional phase, represented by the figure of François Viète (1540-1603), who is considered to have 

introduced the algebraic symbolism we use to this day. Only then did the view of an algebraic 

expression as a function emerge, in the sense of Vergnaud (1983), to be explained below. This 

historical phase is equivalent to Küchemann’s distinction of letter as variable, in the highest levels of 

algebraic understanding. Yet algebra is still treated as a method of performing computation on 

specific unknowns. It is only in the hands of the British formalists (e.g. George Peacock, 1791 – 1858) 

that it aspired to become a “science which treats the combinations of arbitrary signs and symbols by 

means defined through arbitrary laws” (O'Connor, & Robertson, 1996). Even then, the approach was 

operational. An abstract and structural Algebra is a product of the last two centuries. Given this 

perspective, Küchemann’s observations are far from surprising. Why should we expect a child to 

instantaneously master a method of thought which took the best minds of humanity eons to 

construct? It is impressive enough that the child can mimic the mindset of Diophantus! Furthermore, 

there is a striking resemblance between the formalist view of Algebra as a science and the detached, 

alienating and inaccessible experience described by Noss, Healy and Hoyles (1997) and Sfard and 

Linchevski (1994). An Algebra which deals with the arbitrary manipulation of arbitrary signs through 
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arbitrary rules may be an idealized endpoint for science, but it is definitely not a readily 

approachable art. 

Returning to the analysis of the observations made by MacGregor and Stacey (1993), the second 

factor I suggested – the emergence of alternative representations – is somewhat more subtle. 

MacGregor and Stacey offer the student's answer h = h +10 as an example of a misinterpretation 

that they call general referent; a letter that takes upon itself a specific attribute, applied to different 

objects (in this case, height).  However, drawing on Kieran’s observations regarding the use of the 

equality sign (Kieran, 1981) one can elaborate on this distinction. Kieran notes that young students 

use the equality sign (‘=’) as a do something symbol, an instruction to perform an operation rather 

than a declaration of a relationship. This leads to confusion when confronted with expressions such 

as 3 + 4 = 5 +2. Likewise, it is possible that in the h = h +10 case students were using the algebraic 

symbols as a procedural rather than declarative system. The statement reads “to obtain Jack’s 

height, add 10 to that of John’s” rather than “Jack’s height is the same as John’s plus 10”. MacGregor 

and Stacey hint to this possibility, when they refer to influences of other symbol systems, such as 

computer programming. 

Some researchers have advocated that curricular reform should acknowledge these issues. For 

example, Smith and Thompson (2007) advocate an early emphasis on developing children's ability to 

conceive of, reason about, and manipulate complex ideas and relationships, as an equal component 

to numerical reasoning and computation. Such a capacity will serve as a foundation for a broad 

range of "Algebras": Algebra as modelling, as pattern finding, as the study of structure. Their basic 

claim is: "if students are eventually to use algebraic notation and techniques to express their ideas 

and reasoning productively, then these ideas and reasoning must become sufficiently sophisticated 

to warrant such tools." Smith and Thompson (2007) propose achieving this by promoting pre-

algebraic quantitative reasoning. Children are confronted with sophisticated problems, in verbal 

form, and encouraged to solve them by constructing arguments about the relationships between the 

quantities represented in the situation. One class of such problems, which is most relevant to the 

current discussion, focuses on Patterns of difference: situations which involve corresponding 

repeated, or even continuous, additive change of two quantities. Conceptualizing a pattern of 

differences entails grasping a collection of changes as an object of consideration, which is a first step 

towards a functional view of change. Situations which involve a single set of differences – as in 

arithmetic progression – facilitate the conceptualization of single-variable functions, whereas 

situations which require a co-ordinated view of two sequences promote the conceptualization of 

dual-variable functions. Although Smith and Thompson do not mention this, one could also see a 

path leading along an axis of functional complexity by manipulating the situation from patterns of 

differences to patterns of products and beyond. Such an approach is demonstrated by Zazkis and 

Liljedahl (2002), who suggest that it may be possible to design activities which use sequences as a 

bridge from additive to multiplicative conceptual fields. 

Smith and Thompson propose a radical curricular reform to highlight quantitative reasoning. They 

conclude that teaching quantitative reasoning requires (a) selection of a sequence of problem 

situations and (b) providing support for students' reasoning in the selected domain. Such an agenda 

draws on two broadly supported assumptions: first, that the current curriculum leads many students 

to a superficial and procedural view of mathematics, and second, that concept formation is 

embedded in meaningful activities. The former theme has been illustrated above, and the latter will 
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be discussed below. Yet within these premises there is still a wide degree of freedom regarding the 

methods of instruction. Smith and Thompson focus on verbal (or textual) problems and verbal 

argumentation. They implicitly posit that this context is in tune with students' pre-algebraic intuitive 

thinking. They mention, but do not elaborate on, the potential of visualization. They note that when 

students’ verbal descriptions lose clarity, they can be asked to depict their ideas using a diagram. 

While they refer to other researchers (e.g. Confrey, 1991; Schwarz, Yerushalmy & Wilson, 1993) who 

have demonstrated a more systematic use of graphical tools, they do not explain how such tools can 

be employed systematically to foster quantitative reasoning. More important, they do not describe 

the pathway from quantitative reasoning to algebraic competency. 

6.2.4 Closed form vs. recursive process 

The previous section inspected the lexical level of mathematical language, a core set of symbols. The 

next level is the grammar of the language, the system by which the symbols are combined to express 

statements. In the case of mathematics, the standard is the algebraic formula. In the case of 

sequences, this entails the closed form representation: an = f(n). Some of the aforementioned 

researchers have suggested that one of the obstacles to developing an understanding of this 

structure is students’ tendency towards a recursive view. That is, the identification of the 

relationship between consecutive terms rather than its general rule of the sequence (Zazkis & 

Liljedahl, 2002; Orton & Orton, 1999), as expressed by Mamona-Downs: “Sequences are rarely 

considered by students as functions on N, and hence tend to be regarded as processes rather than 

mathematical objects” (Mamona-Downs, 2001, p. 262). This is sometimes referred to as a scalar 

view, as opposed to a functional view. This distinction is explained by Vergnaud (1983), using as an 

example the typical question “Johnny bought 4 apples at 15p an apple, how much did he pay?” 

Vergnaud argues that young children will tackle such a question by applying a unary operation 

(rather than a binary rule of composition), i.e. applying “x4” as an operation on 15 or “x15” as an 

operation on 4. The crucial observation is that the two possibilities are not symmetrical: The first 

involves scaling of a given measure. It can be obtained by repeated addition, as in “one apple – 15, 

two apples – 30…”. This is referred to as a scalar operator. On the other hand, the operator “x15” is 

derived from the functional relationship mapping the domain of apples to the co-domain of pennies. 

As an illustration of the fundamental difference between the two, consider the absurdity of “4 

apples at 1p/apple, 4 apples at 2p/apple, …”. An immediate implication is that the primary, scalar, 

multiplying scheme is derived from counting. This conjecture is supported by Steffe (1988) using a 

developmental framework that builds on the work of Piaget (1952). Steffe delineates four stages in 

the conceptualization of counting sequences, starting from the initial number sequence (1, 2, 3, 4..), 

through the tacitly nested counting sequence – where some elements are hidden or otherwise 

skipped but remain implicitly present, the explicitly nested number sequence – i.e. counting in twos 

and fours, and the generalized number sequence which expands the iterative operation from 

addition of constants to other functions. Multiplicative structures emerge from the explicitly nested 

sequence: 

Just as the iterable one was the abstraction of the repeated application of the "one more item" 

operation when double counting by ones, the iterable composite unit is the result of the 

abstraction of the repeated application of the "one more four" (say) when double counting by 

fours. (Olive, 2001).  
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The functional view of multiplication is more general and computationally powerful than the scalar 

view. Consequently, the functional form is seen as the correct, rigorous mathematical concept of a 

sequence: a function f:N → R. Children’s failure to transcend the scalar view of a sequence – as 

derived from counting sequences – to the functional view is seen as a challenge.  

Yet the scalar-functional distinction is somewhat misleading, as it suggests that the recursive or 

iterative form is not functional. By contrast Weigand (1991) posits that iterative sequences (ibid), 

which are formulated as recursive structures, offer rich mathematical experiences that should be 

exploited in activity design. Interestingly, this approach is in line with Stephan Wolfram’s call for a 

“new kind of science” (Wolfram, 2003). Wolfram claims that many phenomena are best represented 

as aggregates or families of small iterative processes, and can be understood by modelling these 

processes as computer code and investigating them empirically. 

Regardless of the interpretative framework, two observations are common to most of the studies 

above: first, that number-pattern spotting is a predominant solution strategy, and second, that the 

recursive form is a predominant description strategy. Indeed, pattern spotting lacks the 

definitiveness of a formal argument, and the recursive form does not generalise easily to functions 

of the real numbers (f:R→R). Yet the association between recursive and lack of structure suggests 

that in some cases, researchers might be confusing structure with representation.  Consider the 

sequence: 

1, 4, 7, 10… 

It can be represented in closed form, as: 

an = 1+ 3*n 

Or recursively as: 

a0 = 1; an = an-1 + 3 

Both are functions. One is a function of the natural numbers, the other a function of the previous 

term. Yet whereas the former is at odds with naive intuitions, the latter stems from them.  

From a design point of view, the challenge is to construct learning environments that are contiguous 

with existing knowledge, rather than seeking to replace it. Weigand’s (1991) iteration sequences are 

defined by a formula which derives the next term from the current, similar to my notion of recursive 

form. Weigand notes that the class of iteration sequences is much broader than the arithmetic and 

geometric sequences that dominate the school curriculum. 

To recap, we have considered two alternatives for the  represention of number sequences in formal 

algebra: the closed form notation, which describes a term of the sequence as a function of its index, 

and the recursive form, which describes a term as a function of its predecessor. This observations 

leads to the question: which approach is more supportive of students’ learning – working from these 

intuitions or against them?  

Some of the difficulties and achievements reported in the literature may be more telling of the 

activity and tool design on the researchers’ part than of students’ epistemology. For example, 

Confrey & Smith (1994) argue convincingly for a co-variation approach to functions. Whereas the 
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traditional approach sees a function as a relationship between x and y values, described as y = f(x), a 

co-variation approach focuses on the advancement from one term to the next in parallel sequences 

of x's and y's. Typically, the x's increase by 1. The object of study is the pattern that links one y value 

and the next, what Confrey and Smith call a unit. They define unit as "the invariant relationship 

between a successor and its predecessor". This approach emphasizes rate of change, and leads the 

authors to extend the epistemological definition of rate. In their framework, a rate is a "unit per unit 

comparison".  In other words, the relationship between the units of x and those of y. The concept of 

rate evolves through elaboration of this relationship. The most primitive notion of rate is that of 

equality. This notion extends to additive rates (linear functions), and in turn to multiplicative rates 

(exponentials). More complex relationships can be built upon these primal notions by combining 

them, and finally by applying fractions to the units on both columns, extended to rational numbers. 

Confrey and Smith claim that the unit / rate view is "natural" and provides a good pathway into 

calculus. They note that multiplicative rates are less common in children’s experiences, but not 

foreign to them. 

Nevertheless, the evidence they present relies on the particular representation afforded by the 

technology they use (Function Probe). This tool includes a tabular view of a function, which lists the 

unit of advancement in one column (typically, the natural numbers) and the corresponding function 

values in the next. They fail to note the possibility that students see the unit column as redundant in 

this setup, and focus on the function value column and the change from one cell to the next. In other 

words, rather than co-variation of values in domain and co-domain, they see a recursive variation in 

a single domain. Furthermore, Thompson and Saldanha (1998) note while the tabulation is effective 

in investigating sequences, it is inhibitive to the concept of continuous functions, since it promotes 

discretisation of the function. They propose to extend the framework of co-variation to include 

simultaneous change in graphs – thus visualising continuous change. 

The observations above regarding scalar and recursive conceptions of sequences give rise to several 

design imperatives, which will be investigated in the following chapters. The prevalence of recursive 

intuitions suggests that it would be beneficial to use them as a stepping stone to recursive 

formalisations, and from there to algebraic langauge. Furthermore, as noted by Noss, Healy and 

Hoyles (1997) many of the patterns identified by students are beyond the expressive power of 

school algebra. Students are able to apply the right rule in action, but find it insurmountable to 

express it in natural language – let alone formal algebra. Yet some of the sequences which are hard 

to describe in closed form lend themselves to a simple recursive definition. Could this be a case 

where we should be providing students with a learnable mathematics (Noss, 2001), rather than 

struggling with their difficulties with standard Maths?  

The studies mentioned above show compelling evidence that children’s approach to sequences is 

not structural. While I reject the equation of unstructured and recursive, I propose that the issue lies 

with the type of recursive thinking employed. Children identify and understand the recursive 

process, but not the recursive structure. The next section explains this distinction. 

6.2.5 The process-object duality of sequences 

The previous section concluded with the distinction between understanding the process of 

generating a sequence and seeing its structure. This observation stems from the common distinction 
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between viewing a mathematical entity as a process or as an object. This duality features 

prominently in Cottrill et al’s (1996) theory of understanding the limit concept. They base their 

analysis on APOS theory (Dubinsky, 1992), which was also applied by McDonald, Mathews & Strobel 

(2000) to the conceptualization of number sequences. They identified two concepts of sequence; 

one, which they called SEQLIST, focuses on the sequence as a syntactic object – numbers with 

commas between them. The other – SEQFUNC – embodies the function-oriented view of a 

sequence, as discussed above. While their empirical observations appear to be valid and interesting, 

it may have been easier to describe them outside of the scope of the APOS theory. Perhaps it would 

be simpler to note the distinction – which others have made in the general context of understanding 

algebraic symbolism – between a meaningless manipulation of signs and a structural comprehension 

of concepts. The need to fit a strict theory over the data leads McDonald et al to weak 

interpretations – for example, they take evidence for students reaching the “object phase” in the 

conceptualization of SEQFUNC from the fact that when asked to explain the relationship between 

sequences and functions, students responded “a sequence is a function”, a phrase they may have 

recited, out of a sense of the interviewers' expectations, without necessarily understanding it. 

McDonald et al note that possessing a schema of function might in some cases obstruct the 

construction of a schema of SEQFUNC. It is possible that possessing a schema of APOS – or any other 

theory – might, in some cases, obstruct the understanding of the epistemological dynamics of a 

particular situation. 

Sfard (1991) starts from Piaget’s observation regarding the trajectory from an operational to a 

structural view of number. However, she notes that the transition between these views (both 

epistemologically and phylogenetically) is spiral rather than linear; “again and again, processes 

performed on already accepted abstract objects have been converted into compact wholes, or 

reified” (Sfard, 1991, original emphasis). The process of reification captures an intuitive operational 

notion of a mathematical process, transforms it into a formal entity – which can now be processed 

by formal tools to allow for structural arguments. Once this is achieved, the newly acquired objects 

can shift into the intuitive realm, where new operations can be performed on them, and in turn 

reified into higher-level objects. Sfard’s observations illuminate the question raised in the previous 

section – should learning design work against or from intuitions? In a classical Piagetian framework, 

formal concepts replace primal intuitions. In a dynamic framework, as proposed by Sfard, they 

evolve from them, gradually and iteratively. Given this view, it makes sense to refine and adjust 

intuitions rather than dismiss them. Consequently, students need to hold, and be aware of, both the 

process and the object view in tandem. Some observations about a sequence are better made and 

discussed in the context of a process and others when viewing it as an object. For example, I 

presented above the claim by Cottrill et al (1996) that the conceptualization of convergence requires 

a coordinated schema of two processes: the procession of the sequence terms and the change in 

their values. By contrast, David Tall, in his extensive investigation of the process-object problem in 

relation to a wide range of mathematical topics, coined the term procept. Tall and Gray (1993) locate 

the root of many difficulties in learning and performing mathematics in a failure of reification. In 

their words, a failure to transcend a procedural view and achieve a proceptual one; they define a 

procept as “a combined mental object consisting of a process, a concept produced by that process, 

and a symbol which may be used to denote either or both", and put forth a strong claim:  
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The successful child becomes more successful because the mathematics of flexible procepts 

is easier than the mathematics of inflexible procedures. The gap between success and failure 

is widened because the less successful are actually doing a qualitatively harder form of 

mathematics. 

Tall and Gray (1994) are in agreement with Sfard (1991) regarding the spiral dynamics of learning. 

They too describe a progression from process to concept to higher-level process using the concepts 

of the previous step as building blocks, yet they claim that there is a meta-step to take beyond the 

hierarchy of concepts: 

A proceptual view which amalgamates process and concept through the use of the same 

notation therefore collapses the hierarchy into a single level in which arithmetic operations 

(processes) act on numbers (procepts). (Tall & Gray, 1994, p. 22, original emphasis) 

Vergnaud (1996) also acknowledges the importance of the relationship between concept, process 

and symbol – or, in his words, concept, scheme and signifier. However, his emphasis is different. On 

the one hand, the triadic relationship is not as explicit as in the procept view: Vergnaud's concept-in-

action can include processes as well as the objects, properties and relationships. On the other, 

Vergnaud puts forth a theory of conceptual fields. While Tall and Gray (1993; 1994) presented 

isolated cases, Vergnaud posits that the useful unit of analysis is a conceptual field: 

a set of situations, the mastering of which requires several interconnected concepts. It is at 

the same time a set of concepts, with different properties, the meaning of which is drawn 

from this variety of situations. (Vergnaud, 1996, p 225) 

Vergnaud names several such conceptual fields: Additive structures, Multiplicative structures, 

Elementary algebra and Number and space. Each such field is characterized by the common nature 

of the problems, procedures, and schemes within it, and by the fact that these draw upon a common 

pool of representations and concepts. Vergnaud's theory of Conceptual Fields adds a socio-cultural 

dimension. It stems from the premise that learning, in the sense of developing representations and 

theorems within those representations, is aimed at providing humans – as well as animals – with 

better and better strategies to deal with the situations they encounter. From this it follows that the 

knowledge which emerges is tightly bound to the situation in which it was acquired and the actions 

available to the learner. This is what Vergnaud calls Theorem-in-action: “a proposition that is held to 

be true by the individual subject for a certain range of situation variables”. This type of knowledge 

does not have to be logically consistent, only locally consistent in the context of the situation. 

A similar proposal is put forth by Smith, diSessa and Roschelle (1994; diSessa, 1988), who pointedly 

argue that both experts and novices maintain simultaneous complimentary, overlapping and 

conflicting partial models and task-specific problem solving techniques in any given domain. They 

move fluently and flexibly between them, making mistakes and recovering from them, and 

adaptation and reconfiguration of the pieces replace the need for dramatic paradigm shifts. This 

knowledge in pieces is acquired through the iterative refinement of effective solutions to concrete 

problems, and is situated in their context. The knowledge in pieces view challenges the perception of 

knowledge as extensive theories which can be proved or refuted, yet it is consistent with the 
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concept of scripts (Abelson and Schank, 1977; Bruner, 1990). A script is a recipe for solving 

problems. It includes the context in which it is applicable, the sequence of operations to carry out, 

and the expected implications. Clearly such scripts would be piecemeal and situated, akin to 

knowledge in pieces. Likewise, they do not need to be logically consistent with each other, but only 

need to maintain internal consistency. Perhaps the only difference between the approaches of Smith 

et al (1994) and that of Bruner is that the former focus on the meta-structures of knowledge, 

highlighting scientific domains, whereas the latter is interested in the representation – internal and 

external – of knowledge, mainly in daily, developmental, contexts. 

The seemingly different perspectives of Sfard (1991), Tall and Gray (1993; 1994), and Vergnaud 

(1996) can be synthesised using the notion of webbing (Noss & Hoyles, 1996, ch. 3). Tall and Gray 

(1993) use the example of shifting from the process of counting to the procept of adding. Once a 

child has surmounted this transition, she can learn new procedures of addition and connect them to 

her concept of addition. The tripolar procept evolves into a node in a conceptual web, which links 

symbols, concepts, and procedures. Indeed, the meaning of addition is perhaps not in any particular 

item but in a cluster of densely connected nodes, encapsulating a host of different facts and 

experiences. While the conceptual field framework is a convenient means of organizing knowledge 

and learning experiences, the web metaphor affords more richness in terms of describing cross links 

between fields, while at the same time maintaining the distinction between concept, process and 

symbol. 

As an aside, theories of embodied cognition (Núñez & Lakoff, 1998; Núñez, Edwards & Matos, 1999; 

Lakoff & Núñez, 2000) relate process to concept at a more fundamental level. They ground 

mathematical concepts in bodily experiences. The primal organization of experiences is facilitated by 

perceptual-conceptual primitives called image schemata, such as the container schema, which 

defines the concepts of “in” and “out”. These basic concepts are then elaborated, extended and 

interpreted by means of conceptual metaphor, thus giving rise to higher and higher abstractions. For 

example, the container schema evolves into concepts of groups and logical relationships. Lakoff and 

Núñez (2000) devote significant attention to concepts of sequences and infinity, which are derived – 

according to their theory – from the experience of sequentiality in human action. While an elaborate 

discussion of the theory of embodied cognition is beyond the scope of this study, it is worth paying 

attention to the mechanism of conceptual metaphor: mapping of known structures to new domains, 

in order to create conceptual structures that allow us to operate on new problems. If indeed this 

mechanism is fundamental to our learning apparatus, then it is reasonable to expect it to play a role 

even beyond the bodily experiences. Thus, the spiral process described by Sfard (1991) and Tall and 

Gray (1994) can be explained as iterative application of conceptual metaphor. At the same time, the 

embodied approach to mathematical learning may provide the missing link in our previous 

discussion of narrative: if indeed learning originates from bodily experience, the first act of 

abstraction needs a representation that is as close as possible to that experience. Narrative is an 

obvious candidate. These narratives are habitually shared: people love to tell stories. Yet the 

conceptual metaphors – which are essential for the formation of new concepts – can only made 

explicit in the course of a critical discussion. 

Douady (1985) adds yet another dimension to the discussion. In the context of what she calls tool-

object dialectic, Douady provides a detailed account of the classroom dynamics by which new 

concepts emerge from existing ones.  When confronted with a new problem situation, students first 
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attempt to solve it with the tools – concepts and procedures – they already possess (the Explicit Old 

phase). When this fails, they devise ad-hoc adaptations of tools to better fit the problem (the Implicit 

New phase). In the following phases the new tools can be institutionalized and obtain a status of an 

object through discussion and teacher guidance. They are named, formalized and established as 

shared knowledge. Now the teacher can set new tasks which assume the availability of the new 

tools. Here a second pattern, or principle, is manifested: interplay between settings: introducing new 

situations, or problems, which are similar enough for the students to acknowledge the applicability 

of the newly acquired tools but divergent enough to promote generalization. As with the spiral 

progression of processes and objects mentioned above, so can the dynamics of tool-object-dialectic 

and interplay between settings be explained in terms of conceptual metaphor.  

6.2.6 Interim conclusions 

Sections 6.2.1 presented the rationale for a path into mathematics via number sequences which 

proceeds from spotting patterns to observing and manipulating structure. The next two sections 

reviewed the obstacles which learners are known to encounter in this domain; Section 6.2.4 

highlighted the tension between indexed and recursive representations of sequences, and section 

6.2.5 considered their process-object duality.  Most of these difficulties can be seen as pertaining to 

the process of initiation into a mathematical discourse, adopting its set of symbols and their 

interpretation, the rules by which they are combined, and the context and focus on conversation. 

Section 6.3 explores these themes in a broader context. 

6.3 Representational systems and mathematical 

conceptualization 

Section 6.2 concluded with questions regarding the relation between the ways in which we 

represent mathematical objects and the ways we understand them. The empirical work reported in 

the following chapters focuses on computational representations, following a constructionist 

tradition. I review prior research in this direction in section 6.3.3. To set that discussion in a broader 

perspective, I present several illustrative snapshots from the history of mathematical notations. 

These lead me to the notion of situated abstraction, as a framework for learners’ construction of 

meaning, and to narrative as a process by which it proceeds.  

Luis Radford (2002a) asks the following question: "How … are we going to deal with objects that 

cannot be directly perceived such as numbers and mathematical objects?” and offers Frege’s answer: 

with symbols. Since the mathematical concept of addition does not have any physical presence, we 

use the symbol ‘+’ to refer to it. This distinction made by Radford (or Frege) needs clarification. In 

what sense is the symbol ‘7’ different from the symbol ‘giraffe’? The former does not signify any 

particular group of objects, but all groups which have the property of seven-ness, but in much the 

same way the symbol giraffe signifies all objects with a property of giraffe-ness. The difference is 

that no one has seen a 7, whereas many of us have seen a giraffe. Hence, as Radford and others 

warn us, there is a danger of mistaking the symbol 7 for the mathematical object it refers to – a 

danger that is not likely in the case of giraffes. Radford focuses on the process of objectification as 

the loci of meaning-making (from Husserl’s objectivity): a “process aimed at bringing something in 

front of someone’s attention or view”. This is, in a way, a social equivalent of Sfard’s reification. In 

Radford’s framework, an unstructured mathematical entity takes its form as an object through the 
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need to signify it in the course of discussion. This process involves the creation and use of signs – not 

just written symbols, but gestures, body motion and rhythm (Radford 2005a; 2005b). Is this social 

dimension truly necessary? Isn’t it sufficient to understand the individual epistemic processes of 

connecting symbols, processes and concepts? Radford (2004) answers convincingly that symbols are 

always a product of a socio-cultural system, and need to be understood in this context. To illustrate 

this point, he presents an historical account of how algebraic symbolism emerged in the Italian 

Renaissance as a consequence of a specific combination of social, economic and technological 

conditions. The implied claim is that the emergence of this symbolism not only supported but in fact 

made possible certain forms of structural thinking.  

Radford’s claim can be supported by a wealth of historical, archaeological and anthropological 

examples. From ancient Mesopotamia (Denise Schmandt-Besserat, 1992) through the New Guinean 

forest (Saxe and Esmonde, 2004; 2005) and to the modern primary school (Nunes and Moreno, 

1998), the common theme that emerges is the interdependency of cultural and cognitive 

development, which is modulated by the specifics of the environment – natural, economic or 

technological (Kaput, Noss & Hoyles, 2001). Representational systems emerge via a long process of 

abstraction from the concrete objects. Thus this abstraction is by necessity situated in the context in 

which it originated, to an extent that it is sometimes material (as tokens or coins are material 

abstractions of value). As the representational system evolves so does the communities’ ability to 

engage in complex activities, and the individuals’ ability to participate in and reason about these 

activities. The complexity of these activities is often manifested in the use of higher-level 

mathematics.  

The dynamics described above are consistent with the ideas of situated abstraction and webbing 

(Noss & Hoyles, 1996; Noss Healy and Hoyles, 1997), discussed in the next section.  

6.3.1 Situated Abstraction 

The previous section highlighted the historical and cultural links between representation and 

understanding of mathematical concepts. The situated abstraction approach (Noss and Hoyles, 

1996; Noss et al, 1997) considers similar questions from a design perspective. The idea highlights the 

dynamics of constructing knowledge from activity, by inserting or populating an abstraction with 

meaning – in the shape of special cases, particular values, or familiar contexts (or, in the special case 

of the mathematical situation, with mathematical objects and relationships). Abstraction is achieved 

within, not above, this context. Mathematical knowledge is constructed and expressed with 

available tools (physical, linguistic, digital or social) that may not map trivially to standard 

mathematical notation. Abstraction does not proceed by replacing one ‘theory’ with another, but by 

building layers of concepts one on top of the other. Even those layers that may appear to be highly 

generalized are still rooted in the learner’s personal experience. These concepts are connected in a 

web of relationships – some logical, some associative, some anecdotal.  

Neuropsychological evidence gives direct support to the ideas of layering and webbing, using a 

different terminology. For example, Addis et al (2004) talk about ‘specific and general 

autobiographical memories’ (p. 1740), and show that these activate the same regions in the brain. 

Or, in the words of Mason & Just (2006): “Text attributes at the discourse level enter into 

combinations with other information to allow a reader to weave individual sentences into an 
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integrated narrative structure. The resulting conceptual structure incorporates pragmatic 

information and connects the text with the reader’s world knowledge”. Such observations are very 

much in line with the findings of Noss et al (2007), who argue that in diverse situations people make 

sense of abstract mathematical representations by populating them with imaginary narratives 

derived from their own daily experience. Such narratives capture the essential knowledge emerging 

from familiar activity, and create a bridge between the personal experience and its abstract 

mathematical manifestation. 

The notion of narrative has emerged over and over again in previous sections. The idea of situated 

abstraction gives it a concrete role in the dynamics of mathematical learning. The next section 

explores this role. 

6.3.2 Mathematics and Narrative in Education 

Section 6.2.3 discussed the narrative nature of children’s vernacular epistemology of mathematical 

ideas, and drew historical parallels. Section 6.2.5 projected these observations onto the context of 

this study, by associating the narrative mode with the process view of sequences. Chapter Four 

reviewed, in greater depth, the notion of narrative and its epistemological role. Given the strong 

cultural and neurological grounding of narrative, it seems that we should strive to embed narrative 

structure in the design of systems or activities which are aimed at meaning-making. However, 

narrative approaches to computer-enhanced learning are often focused on designing systems that 

support narrative-based learning (Mott et al, 1999; Decortis & Rizzo, 2002; Decortis, 2004), i.e. 

systems that support the production of imaginary narrative as the site of learning. Nehaniv (1999) 

argues for a wider view, claiming that any design that does not acknowledge the "narrative 

grounding" of humans will appear to its users as bizarre, unintelligent and unintelligible. 

… it is desirable to take into account that humans are temporally grounded, narratively 

intelligent beings. Their evolutionary heritage leads them to expect that the actions of others 

are embedded in a context of past history and future events." (Nehaniv, 1999, p. 102) 

Likewise, Laurillard et al (2000) highlight the importance of embedding narrative structure in the 

design of multi-media resources, where non-linearity risks impeding learners from maintaining a 

personal narrative line and thus increasing cognitive costs. It is the responsibility of teachers and 

designers to maintain narrative flow in order to allow learners to maintain a focus on the 

development of sound arguments: “With such design features, the non-linear medium is able to 

afford something more than mere browsing: it will afford structured, meaningful learning” (p. 18).  

Applying these ideas to mathematics education highlights the tension between the acceptable forms 

of mathematical language and those of daily language. This tension manifests itself on two levels: 

first, the fundamental structures of statements, and next in the norms of establishing truth. At its 

fundamental level, mathematical language is propositional. It defines terms, sets axioms and rules, 

then states theorems and proves them. Its structures are static and timeless. Spoken language, on 

the other hand, is predominantly narrative, which by its nature is chronological and dynamic. The 

tension between spoken language and mathematics was demonstrated lucidly by Wittgenstein:  

In mathematics we have propositions which contain the same symbols as, for example, 

"write down the integral of…", etc., with the difference that when we have a mathematical 
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proposition time doesn't enter into it and in the other it does. Now this is not a metaphysical 

statement. (Wittgenstein, 1989, pp 34) 

When we say 'two plus two equals four', the truth value of this statement is independent of when 

we say it or who 'we' are. Yet how do we present such a statement to a young child? One might say:  

You had two marbles, and I gave you two more, so now you have four. 

When we attempt to humanise the mathematical statement, we unconsciously transform it from the 

propositional form to the narrative. Something (transfer of marbles) happened to someone (the 

child and me) under some circumstances (say, sitting around the kitchen table). In that event, two 

groups of two were magically exchanged for one group of four.  

Such conversions from propositional to narrative do not disappear as the subject matter becomes 

more elaborate. Let us review one more example: 

{Si} → C ≡ for each ε there exists an N such that for every n > N, |Sn – C| < ε 

How do we explain such a statement to a student? Perhaps:  

Let’s look at the sequence we had yesterday {1, 1/2, 1/3…}. Go far enough along the 

sequence and you will reach a point such that all subsequent terms lie within a very small 

range of 0. Now, we can make that small range as small as we want. 

Again, in our attempt to make the mathematical idea accessible, the propositional is rendered as a 

narrative. A static structure, ‘devoid of time and person’, is placed in a specific context, and becomes 

a string of events happening to ‘you’. However, this symbiosis is short lived. Very quickly, the 

student is asked to abandon the narrative discourse and pick up the propositional form, to use 

algebraic symbolism in its static interpretation, a demand expressed by Solomon and O'Neill (1998): 

“Mathematics can be embedded in a variety of texts in a variety of styles from dialogue [...]. This, 

however, is quite distinct from linguistic features constitutive of mathematical discourse itself: 

mathematics cannot be narrative for it is structured around logical and not temporal relations” (p. 

217). Solomon and O'Neill reject the idea that “Children could re-invent mathematics by abstracting 

it from the world around them” (p. 217): for them mathematics is a strict social practice, with 

distinct rules of genre. This requirement, they readily admit, gives rise to a dissonance between the 

students’ interpretation of the symbols and the one expected by their teachers. But is the static, 

disembodied form a necessary feature of mathematical language? The historical examples above 

suggest that there are other possibilities for a notational infrastructure for mathematics, and that 

the static formalism may have been optimised for static media (Kaput et al, 2002).  

Healy & Sinclair (2007), in a studied response to Solomon & O'Neill (1998), argue that the latter’s 

position overlooks the possible role of narrative in more personal acts of understanding. Many 

testimonies show an alienated experience of mathematics. This barrier can be breached by allowing 

space for learners’ personal narratives, relating mathematical meanings to their own experiences 

and reflecting on their individual learning trajectories. Solomon & O'Neill (1998) see this as a debate 

between “an emphasis on authorship and creativity versus an emphasis on understanding genre” (p. 

210). Yet one could argue that the chasm runs deeper: it is a question of what is the mathematics we 
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wish to teach: a practice, or a phenomenon, a noun or a verb? Should children learn to see 

mathematics or to do mathematics? Perhaps both, but then – which comes first? Solomon & O'Neill 

(1998) present an example of two texts by William Rowan Hamilton, one from his published letters 

and the other from his more formal publications. But while they see the former as literature and the 

latter as mathematics, Healy & Sinclair (2007) see one as a window on the process of doing 

mathematics, and the other as the output of that process. They inspect various reports of 

mathematicians’ personal experiences, and find that all have temporal structure and carry a strong 

sense of voice.  

Bruner (1991) distinguishes between scientific knowledge, which is organised by logical principles, 

and cultural assets, what he calls “folk psychology”, which he argues are “organized narratively” (p. 

21). He calls for a shift of attention which would honour both forms of knowledge. Nevertheless, this 

distinction does not preclude representing and learning of scientific and logical knowledge in 

narrative forms. Indeed, Bruner (1986) notes two modes of thinking, mapped to two genres of 

narrative – paradigmatic and imaginative. Paradigmatic narrative is top down, seeks generality and 

demands consistency. Imaginative narrative is bottom up, seeks specificity and demands coherence. 

Several researchers have suggested that in order to provide learners with tools for coping with 

unfamiliar problems, they need to share the experiences of those who posses such tools. Burton 

(1996) argues that this points to a need to facilitate learners’ authoring of their accounts of how they 

came to know mathematics. These narratives are personal, i.e. imaginative, as they are general and 

paradigmatic. Nardi (2008) makes a dual use of narrative in her study of university level 

mathematics: first, as a lens for interpreting students’ and teachers’ work, and then as a format for 

reporting her findings. Livingston (2006) calls for an educational approach to mathematical proof 

that acknowledges the context in which proofs are constructed and the personal path taken by 

those who prove. Although he does not refer explicitly to the notion of narrative, we find many 

parallels in his situated view of proof. Morgan (2001) also distinguishes between mathematical 

'facts' and 'activity'. Inspecting several mathematical texts, she identifies elements of temporality 

and personalisation, similar to the constituents of narrative we noted. Morgan argues that rather 

than rejecting such style as 'inappropriate', we should ask: what are the criteria for a personal 

narrative to qualify as an account of mathematical activity?  

The model of narrative comprehension presented in Chapter Four provides further support for these 

arguments. We saw how developing a theory-of-mind is fundamental in narrative comprehension. 

Likewise, if we want children to learn to think and act like mathematicians they need to develop a 

theory of mathematical mind: the ability to imagine “how a mathematician approaches this 

problem”, and what better way then through mathematical narratives? Furthermore, our minds are 

geared towards extracting causal structures from the temporal sequencing of a narrative. “The 

queen died, then the king died” is transformed to “if queen dies, then king dies” (with apologies to 

E.M. Forster, 1927). So, counter to Solomon & O'Neill's claim, it may be possible that children will 

invent mathematical structure by abstracting it from the narratives around them – be it those they 

receive, or those they construct. Indeed, O'Neill et al (2004) find a surprising correlation between 

children's performance in generating narratives at the age of three to four, and their mathematical 

abilities two years later. This correlation is unique: general language skills were neither predictive of 

mathematical achievement nor were narrative skills predictive of spelling skills or general 

knowledge. They suggest that the same skills which underlie narrative comprehension form the basis 

of mathematical thinking: inference of relationships and logical chains. 
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This approach is in agreement with many of the assertions of the communicational approach (Sfard, 

2000; 2001; Sfard & Kieran, 2001; Kieran, Forman & Sfard, 2002; Sfard & Lavi, 2005; Ben-Yehuda, 

Lavy, Linchevski and Sfard, 2005; Ryve, 2006), which sees learning as the “process of changing one’s 

discursive ways in a certain well-defined manner” (Sfard, 2001, p 26), and consequently thinking as 

“a special case of the activity of communicating” (ibid, p. 27). The tension between vernacular 

narrative forms and mathematical forms of discourse has been discussed, under a slightly different 

emphasis by Paul Cobb and his colleagues (Yackel & Cobb, 1995; Whitenack, Cobb & McClain 1995). 

They describe the process of establishing socio-mathematical norms – forms of discourse that are 

regarded as valid in a mathematics classroom: what counts as proof, what constitutes a valid 

argument, which questions are worth asking. One particular aspect of disparity is the relationship 

between the general and the particular. In narrative discourse the specific is used to reflect on the 

general, whereas mathematical statements use the general to make claims on the specific.  

Sfard & Prusak (2005) see the notion of identity as pivotal: learning is directed by the need to 

transfer oneself from an actual to a designated identity. Identities are defined by the stories, 

narratives, we tell ourselves about ourselves. It is interesting to note the parallel to the neurological 

evidence presented above linking narrative comprehension to theory-of-mind (Mar, 2004). Sfard & 

Prusak see a process by which actions (“A lifted a table”) are reduced to assertions (“A is strong”). 

Such a process would be crucial to our formation of a theory-of-mind, allowing us to draw inferences 

about future actions of the subject. Referring to Wittgenstein, Sfard and Prusak warn against 

understanding narrative as a recount of activity. Narrative originates in activity, but it is an 

independent activity in its own right, aimed at structuring our understanding of the world, and in 

particular constructing our identity.  

With this in mind, it seems natural to return to Wittgenstein’s notes on the nature of mathematics: 

Mathematics is invented to suit experience and then made independent of experience 

(Wittgenstein, 1939 / 1989, p. 43). The theory of situated abstractions suggests that this is an 

idealization: our concepts may be abstracted further and further away from experience, but they are 

never detached. In this trajectory from action to abstract, narrative plays a key role – both in its 

external and in its internal manifestations.  

Turning to the design of technology-enhanced environments for mathematics education, the above 

observations suggest that we should seek representations which embody narrative qualities, and 

provide environments and activities which afford narrative expressions as a step towards 

formalisation and abstraction. Sinclair, Healy and Sales (2009) demonstrate how such considerations 

are manifested in the case of dynamic geometry environments (DGEs). The nature of DGEs allows 

learners to observe the unfolding behaviour of mathematical objects over time, thus provoking 

learners’ construction of narratives in which these objects are the protagonists. Such narratives 

should be embraced as part of the pedagogic path, if learners are to make mathematics a “land of 

their own” (Healy and Sinclair, 2007).   

Dynamic geometry environments, and similarly computer algebra systems, place the learner in the 

position of a director in a theatre of mathematics: orchestrating props and actors and sequencing 

events to tell mathematical stories. Programming is unique in this context, because it is a form of 

production and of expression at the same instance. By describing events, the programmer 

engenders them. This description is narrative in the sense that it is contextual, sequential and carries 
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implicit meanings. Yet it is mathematical in the strictness of its grammar and in its lack of ambiguity. 

Thus programming carries a potential to serve as a powerful mediating form between intuition, 

action and abstraction. In particular, I argue that some forms of programming maintain a stronger 

sense of narrative structure, and should be exploited in this capacity. The Streams pattern is one 

such example. Section 6.3.3 sets the scene of programming as a medium for learning mathematics, 

and then introduces the Streams pattern. 

6.3.3 Computational representations  

Section 6.3 opened with a few examples which demonstrate how representational systems emerge 

via a long process of abstraction from the concrete objects, and how the evolution of these systems 

is linked to the social and individual construction of mathematical concepts. Such a process is not 

limited to primitive or prehistoric cultures. The evolution of computer culture is rich with examples 

of such dynamics. Symbols – words or icons – are invented to represent a specific object or action. 

Over time, these symbols are used as metaphors for other entities. This "borrowing" of a symbol 

expands its meaning, and inevitably abstracts it. As a ubiquitous example, consider the folder icon 

used in most graphical interfaces.  

Computer scientists have always recognized the potential of computer programs as a representation 

of human thought. In fact, a common lore is that programming languages are designed to 

communicate ideas among humans, not computers: 

Just as everyday thoughts are expressed in natural language, and formal deductions are 

expressed in mathematical language, methodological thoughts are expressed in programming 

languages. A programming language is a medium for communicating methods, not just a 

means for getting a computer to perform operations - programs are written for people to read 

as much as they are written for machines to execute. (Abelson & Sussman, 1987 / 88) 

Computer programming offers a unique expressive power that has never before been available in 

human history. In previous eras, representational systems evolved through a long historical process. 

As Abelson & Sussman (1987 / 88) explain, the computational medium allows us to design 

representational systems as best fit our needs. The choice of representation has no effect on the 

computer. It may, however, have profound effects on the human reader (as well as the writer) of the 

program. As Abelson & Sussman note, some very challenging problems become trivial once the right 

language is chosen – or created. (Note the emphasis on some; many problems are inherently hard – 

regardless of representation). 

The linkage between computer programs and human thought was taken a few steps further by the 

AI community in the late 1960s. Computer programs were accepted as a useful metaphor for 

modelling the human mind. This is what Searle (1980) criticizes as: “… the claim that the 

appropriately programmed computer literally has cognitive states and that the programs thereby 

explain human cognition”, which is the Strong AI assumption. This assumption infiltrated the 

cognitive sciences, where computational models of mind have become common.  
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Another side effect of the AI community’s contribution was the emergence of functional and logic 

programming languages in education. Most notably, LOGO was developed in BBN and MIT by the 

same people who were promoting LISP and SCHEME (Papert, 1973; Abelson et al, 1975). LOGO 

marked the dawn of what later came to be known as the constructionist approach (Papert, 1981; 

Noss & Hoyles, 1996), which highlights the epistemic potential of new representational systems, 

derived from the use of new technologies (Papert & Harel, 1991; Kaput, Noss & Hoyles, 2001; 

diSessa, 2004), but shift the focus to programming as a medium of activity, following the agenda set 

by Papert: "I believe with Dewey, Montessori and Piaget that children learn by doing and thinking 

about what they do" (Papert, 2005). And elsewhere:  

Constructionism […] shares constructivism's connotation of learning as "building knowledge 

structures" irrespective of the circumstances of the learning. It then adds the idea that this 

happens especially felicitously in a context where the learner is consciously engaged in 

constructing a public entity, whether it's a sand castle on the beach or a theory of the 

universe. (Papert & Harel, 1991, online)  

Constructionism turns from the analytical focus of constructivist and socio-cultural theories to a 

prescriptive approach. If learning occurs in activities, by interacting with objects through mediating 

instruments, then why not create such activities, objects and instruments that would best facilitate 

it? Given a topic, one may think of creating an environment with artefacts or objects that have some 

relationship to the topic and where learning may occur by exploring the environment. Such an idea 

is at the core of the concept of the Microworld, introduced by (Minsky and Papert, 1971). This is an 

environment that is built around a given domain, which has to be explored by interacting with the 

program. A detailed history of the concept of microworlds can be found in Noss and Hoyles (1996).  

The constructionist approach has bred various educational programming languages and 

environments such as Boxer (diSessa & Abelson, 1986), StarLogo (Resnick, 1996; 1997), NetLogo 

(Wilensky & Reisman, 2004; Blikstein, Abrahamson & Wilensky, 2005), ToonTalk (Kahn, 1996; 2000; 

2004), Squeak (Ingalls, Kaehler, Maloney, Wallace & Kay, 1997; Masuch & Rüger, 2005), Stagecast 

(Cypher & Smith, 1995), Agentsheets (Repenning & Fahlen, 1993), MOOSE crossing (Bruckman, 

1997), Alice (Cooper et al, 2000; Conway et al, 2000) and Scratch (Resnick et al, 2003; Maloney et al, 

2004; Monroy-Hernández and Resnick, 2008). Guzdial (2004) offers a thoughtful comparative 

discussion of several of these languages, mainly descendents of Logo. Kelleher & Pausch (2005) offer 

an extensive taxonomy of many other languages.  

The demonstrator study reported here uses ToonTalk as a platform for exploring mathematical ideas 

in the domain of number sequences. ToonTalk stands out in its computational model, its 

programming interface and its execution model. Computationally, ToonTalk is a concurrent 

constraint-based programming language. Concurrent means that multiple code elements can be 

executed simultaneously. Constraint-based means that these elements are predominantly expressed 

as rules, identifying a particular configuration of objects in the world and a sequence of actions to 

execute, once such a configuration has been observed. In terms of its programming interface, 

ToonTalk is a language and a programming environment designed to be accessible by children of a 

wide range of ages, without compromising computational and expressive power. Following a video 

game metaphor, the programmer is represented by an avatar that acts in a virtual world. Through 
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this avatar the programmer can operate on objects in the ToonTalk world, or train a robot to do so. 

Training a robot is the ToonTalk equivalent of programming. The programmer leads the robot 

through a sequence of actions, and the robot will then repeat these actions whenever presented 

with the right conditions. Finally, ToonTalk’s standard mode of execution is animated: the robot 

displays its actions as it executes them. ToonTalk’s unique qualities make it an interesting candidate 

to support a new genre of mathematical narrative. The structure of routines (or ‘robot’s training’ in 

the ToonTalk terminology) displays narrative features, with a predefined context, a sequence of 

events, and a desired outcome. The method of programming has, arguably, elements of narrative 

construction: the programmer defines the context and then walks the ‘robot’ through the moves. 

Observing code in execution provides for possibilities of narrative comprehension, unparalleled in 

other languages where only the effects of the execution are visible. 

The affordances of ToonTalk, or any other technology, do not guarantee any manifestation of 

desired events. A window’s handle affords opening, yet people may choose to turn on the air 

conditioning. In order to prompt a particular use of technology, and hopefully a desirable learning 

trajectory, one needs to supplement the medium with the design of tools and activities within it. The 

next section introduces the Streams software design pattern which suggests a narrative 

representation of number sequences in a programming medium. 

6.3.3.1 Streams: Computer-aided explorations of sequences 

Traditionally, the predominant representation of a mathematical sequence in computer 

programming was as a list: an ordered set of items.  This abstract definition needs to be 

implemented with respect to the particulars of the chosen language.  Common educational 

implementations attempt to capture the essence of the formal definition of a sequence, as a 

function f:N → R.  These representations are static – at any given point in time, their content is fixed.  

Furthermore, while lists are not limited in length and can be extended on the fly, any actual list at 

any given time is, of course, finite.  This could be a source of epistemic conflict.  While we talk about 

infinite lists, the objects we manipulate are inherently finite, and the algorithms used are geared 

towards finiteness. Furthermore, by emphasising the f:N → R formalisation of sequences it risks a 

conflict with students’ recursive intuition. Most of the attempts to use interactive computer 

representations of sequences were aimed at notions of infinity and convergence (Kidron, 2002; 

2003; Li & Tall, 1993; Guin & Trouche, 1999; Giraldo, Carvalho, & Tall, 2003). 

It is not surprising that these studies report mainly on experiments in using CAS (Computer Algebra 

Systems) and graphing. Although visualization by graphs is usually helpful, Giraldo et al (2003) note 

that resolution limitations of displaying graphs on screen might hinder conceptions of continuity. 

The focus on advanced topics also leads to assumptions on prior knowledge. For example, Kidron 

(2002) uses Mathematica as a modelling environment. Although the results are impressive, the tool 

seems to be suitable only for the more advanced students. 

Sacristán (1997) proposes an alternative approach that uses recursive programs as a representation 

of infinite sequences. She focused on establishing intuitions by visualising the sequences, an 

approach which proved successful. However, she stresses the need to supplement this approach 

with alternative representations in terms of numeric values.  This is achieved by allowing students 

directly to manipulate the code that instantiated the visual representation. Seeing the visualisation 

and the sequence unfold together gradually, allowed the students to consider the sequence as a 
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process and object and helped them to identify local structure.  Such a dual view, as noted in section 

6.2.5, is fundamental to mathematical thinking. Sacristán’s design called for task specific programs, 

which balanced functional richness with code simplicity, so that students could observe the 

visualisation and then tweak the code that produces it. Unfortunately, simplicity is often achieved at 

the price of generality.  A function created to display one sequence cannot be used to plot another.  

Arguably, students can overcome this by a minor code change.  Yet we may want them to work with 

code components as opaque, ready to use building blocks. It is possible to design components that 

can be used “off the shelf” and them modified when the need arises, but far from simple. 

One possible alternative is offered by the Stream structure, commonly used in software engineering. 

A stream is a dynamic representation of a sequence. It generates the terms one by one, as these are 

needed.  In object oriented languages (such as JAVA or C++) it is implemented by an object with a 

read() method (function) which retrieves the next term every time it is invoked. Shapiro (1988) 

explains why ‘streams’ are most useful in concurrent systems, those in which many processes are 

executed in parallel.  Streams provide a structured mechanism of dividing work between processes 

using an assembly line metaphor: every process sends out a stream of outputs, which are passed as 

a stream of inputs to the next.  While process II is busy, say, with the 5
th

 term, process I is already 

generating the 6
th

, and process III can work on the 4
th

. Streams are used as a fundamental 

mechanism in UNIX for communicating between applications and operating system processes (SUN, 

2005) and the primary input-output framework in Java (Eckel, 2002).  Abelson & Sussman (1996, 

section 3.5) highlight the temporal dimension of streams: 

If time is measured in discrete steps, then we can model a time function as a (possibly 

infinite) sequence. … we will … model change in terms of sequences that represent the time 

histories of the systems being modelled. To accomplish this, we introduce new data 

structures called streams. From an abstract point of view, a stream is simply a sequence.  

Abelson & Sussman propose streams as a representation of a specific category of sequences, namely 

discrete time functions. Yet form an embodied perspective (Lakoff and Núñez, 2000) such sequences 

form the basis of our understanding, and are projected by conceptual metaphor to the boader class. 

Here lies the possible epistemic value of streams: in providing a time-aware representation for 

sequences, narrative is reintroduced. Nevertheless, the considerations in designing educational tools 

are radically different from those in systems programming. For example, whereas the designers of 

the operating systems would value the opacity of their Stream implementation, we would 

emphasise learners’ need to see the mechanism’s inner workings. Such issues are addressed by 

adapting the pattern to an educational context, as discussed in Chapter Eight.  

6.4 Conclusions 

Section 6.2 opened this chapter with a discussion of pedagogical and epistemic issues concerning 

number sequences. I focused on the difficulties of formulating a structural view of sequences, and 

related them to the issues of process-product duality, and recursive vs. closed form. The question 

that emerged from this discussion was: how much of the difficulty is inherent in human cognition, 

how much is a consequence of a particular representation and how much is a result of the dominant 

pedagogic tradition. This question led into an inquiry into the relationship between communication, 

representation and meaning in mathematical learning. The communicational paradigm offered a 
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solid framework for this discussion, but has some limitations when approached from a design 

perspective. These limitations are addressed by the concept of situated abstraction and its 

implications. The amalgamation of these two approaches led me to consider narrative as a 

fundamental social and cognitive epistemic force. In mathematical narratives (6.3.2) the context and 

plot are mathematical processes. Protagonists may be the humans engaged in these processes or 

the mathematical objects participating in them. The media by which narrative is communicated can 

transcend the verbal to include graphical or coded elements. 

Bringing narrative into the domain of constructionist learning and educational programming raises 

questions regarding its manifestation in computer-based representations, specifically how to 

represent number sequences. I propose the Streams design pattern as a promising candidate. 

The different approaches reviewed above appear to be divided between those which highlight 

language (e.g. the communicational approach) and those that focus on interaction with objects (e.g. 

constructionism. Yet this division is misleading: if we want to guide learners along the path from the 

perception of their experiences to the articulation of structured knowledge, we need to consider the 

source of experience as well as the drivers of extracting knowledge from it. The union of the various 

approaches suggests a need for a synergy of construction, communication and collaboration. 

Construction provides learners something to talk about, collaboration gives them a reason to talk 

about it, and sustained communication, guided by a teacher, establishes norms of mathematical 

language. 


