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Chapter 8 Design Patterns 

This chapter responds to Aim 3 identified in Chapter three: to apply the methodology in the problem 

domain and demonstrate its potential by producing a contribution towards a pattern language for 

technology enhanced mathematics education. This chapter presents a collection of design patterns, 

and the links between them, as derived from the design narratives in Chapter 7.  

8.1 Introduction 

Chapter four presented several elements for an epistemic infrastructure for a design science of 

technology enhanced mathematics education (TEME): a design experiment cycle, embedded in a 

wider cycle of design research (section 4.1.1) and the constructs of design narratives (section 4.4) 

and design patterns (section 4.5). Chapter five elaborated these elements into a methodological 

framework oriented towards a particular research context. This framework proceeds from a 

theoretical review to an empirical study, reported as a set of design narratives and ultimately 

processed into a collection of design patterns. Chapters six and seven demonstrated the first two 

steps with respect of the chosen problem domain, and this chapter completes the cycle with a set of 

derived patterns. 

The nature of the methodology is such that the elucidation of one design pattern often gives birth to 

several new ones, making delineating the pattern collection a challenge. A common solution among 

pattern writers is to focus on a subset of the patterns and provide “thumbnails” of the others: short 

descriptions which outline their essence, so that they can be referred to without a full specification. 

Such an approach is implemented in this thesis, and therefore the resulting collection of patterns is 

not presented as a comprehensive pattern language, but as a coherent contribution towards one. 

8.1.1 Structure of this Chapter 

Pattern languages and collections maintain internal consistency by defining a common template for 

all patterns they include. The template used in this thesis is presented and explained in the next sub-

section. The section concludes with an overview mapping of the patterns presented or mentioned in 

this chapter.  

The main body of this chapter is devoted to the patterns themselves, each forming a separate 

section. For the readers’ convenience, each pattern starts on a new page. The patterns are followed 

by the thumbnails of the patterns mentioned but not elaborated, and the chapter concludes with a 

summary and discussion of all patterns. 

As a convention, all references to patterns are in SMALL CAPS. 

8.1.2 Pattern Template 

Each pattern language or collection defines a common template for all the patterns it includes. Such 

a template is useful for users of the collection, as it enables them to easily search and apply patterns 

as needed. At the same time, a carefully designed template safeguards rigour by prompting the 

pattern author to address all the important aspects of the patterns. 
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The template chosen for this thesis emerged out of considering the templates of many languages 

and collections, and adapting the result to enhance scientific values. The details of this template are 

enumerated in Table 1. The core components – problem, context, solution – are part of the essence 

of a design pattern, and consequently common to practically all pattern collections. The last three 

components – liabilities, notes and related patterns – are found in many collections and appear to 

have clear practical value. The support section is a response to this thesis’s aim to embed design 

patterns in a scientific practice. 

While all patterns in this chapter are specified in terms of the template components, the elements 

underneath each component may occasionally be omitted.  

Component Element Description 

The problem  The problem description provides a clear and succinct 

presentation of the motivation for the pattern, its raison 

d'être.  

The educational research literature tends to shy away 

from the term “problem”, as it may suggest a negative 

attitude. This thesis takes the position of the design 

literature, and specifically the computer science 

tradition, were problems are seen as opportunities for 

action.  

From a design perspective, where there is no problem, 

nothing needs to be changed, no act of design is required 

and consequently there are no questions for research. 

 Synopsis A single sentence highlighting the essence of the 

problem. 

 Illustration A graphic or photo providing intended to provide the 

reader with a vivid mental image for the pattern.  

 Forces The objectives and constraints constituting the problem. 

Often the complexity of noteworthy problems emerges 

from a tension between forces: objectives which seem to 

contradict, or are incompatible with the constraints. 

Context  A fundamental premise of design research in TEME is 

that problems and solutions are rarely universal. The 

scope of any statement needs to be qualified if it is to be 

meaningful.  

 Origins The origins of a pattern define its context in the most 

reliable manner: the characterisation of the common 

features of the situations in which it was actually 

observed. 

 Expansion The context defined by the pattern’s origins may be too 

narrow to be useful. In this case, the context would be 

expanded with caution to cover a broader range of 

situations. This expansion is speculative and thus 

warrants further research. 

 Boundaries Specifying the boundaries of a pattern – where it does 

not apply – is arguably as important as where it does. Of 

course, the space out of a patterns scope is infinite. It is 

only worthwhile specifying the boundaries where there 

is a risk that a pattern would be applied erroneously.  
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Solution  The solution is the centrepiece of the pattern. In 

scientific terms, it is the claim that under certain 

conditions the described actions will have a particular 

effect which addresses the problem. 

The solution would ideally be articulated at a level of 

detail which allows immediate implementation, and yet 

is applicable beyond the specific experiences from which 

it is described. However, in a hierarchy of patterns, 

several levels of abstraction will be represented and the 

respective solutions will be positioned appropriately. 

 Pedagogical 

aspects 

Features of the pattern pertaining to its pedagogical 

structure and driven by its learning objectives, 

irrespective of the technical implementation. 

 Technical 

aspects 

Typically, technological requirements derived from the 

pedagogical aspects and necessary for their success. 

 Diagram When appropriate, a diagram will be added to elucidate 

the solution. In contrast to the illustration, which 

communicates at an intuitive or metaphoric level, the 

diagram is like a blue-print for implementation. 

Support  If the solution is the claim, then the support section is its 

warrant and justification. This section is not common in 

non-scientific uses of design patterns, e.g. in software 

engineering pattern languages. A partial equivalent in 

these languages would be the “known uses” section, but 

this is more in way of demonstration than evidence. 

 Theoretical The theoretical support justifies the pattern by reference 

to domain theories.  

 Empirical The empirical support justifies the pattern by reference 

to data from cases where it appears to have had a 

positive effect. These would primarily be derived from 

the design experiment at hand and supplemented by 

external documented cases.  

Liabilities  Liabilities are the potential negative effects and points of 

failure associated with a pattern. 

 Risks Risks refer to possible direct negative side effects. These 

need to be averted, often by applying a related pattern. 

 Limitations Limitations identify situations where the pattern is likely 

to fail or achieve partial results. 

Notes  Additional comments, reflecting on the pattern at a 

theoretical level or linking it to related work. 

 Potential 

extensions 

Conjectures as to how the pattern could be extended 

and further developed to provide better results or cover 

a broader context. 

Related 

Patterns 

 Note hierarchical, structural and lateral links to other 

design patterns. 

 Uses Patterns used as components by this pattern. 

 Used by Pattern which use this pattern as a component. 

 Extends Patterns at a higher level of abstraction, elaborated by 

this. 

 Extended by Patterns at a greater level of specificity, elaborating this. 

 Conflicts Patterns excluding, excluded by or otherwise clashing 
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with this. 

 Associated Patterns used in conjunction with this. 

Table 1: components of the pattern template 

8.1.3 Choice of Patterns and Relations between Them 

The design patterns presented in this chapter were all derived from the design narratives in Chapter 

seven. They were chosen out of a larger set of patterns which emerged from analysis of the 

narratives, so as to provide a representative demonstration of a prospective pattern language for 

TEME. The space covered by these patterns spans two dimensions: scope and focus, as illustrated in 

Figure 1. The scope axis varies between the concrete and the general. The more general patterns 

apply in a broader range of situations, but call for further elaboration before they can be 

implemented. The more concrete patterns are extensions of the general ones which can be readily 

implemented, but in a relatively narrow range of circumstances. The focus axis shifts the balance 

between the pedagogical and the technical. All patterns have both pedagogical and technical 

aspects, but the weight of these changes. For example, TASK IN A BOX is aimed at solving a particular 

usability issue, and therefore is in the concrete – technical quadrant. By contrast, POST LUDUS 

describes a pedagogical activity structure which should be useful in most collaborative learning 

situations and is almost independent of technological choices. 

 

Figure 1: distribution of patterns across axes of scope and focus 

Design patterns web into pattern languages by the links between them. Patterns are used by others 

as components, or elaborate others by adding detail and projecting them into a more focused scope. 

Figure 2 offers a map of the eight patterns presented in this chapter, along with eight patterns they 

referred to, but which are not specified in full detail. The later are listed as “thumbnails” in section 

8.9. The map represents the hierarchical, structural and lateral links between patterns, as specified 

in Table 1. For example, GUESS MY X extends MATHEMATICAL GAME PIECES and uses OBJECTS TO TALK WITH 

as a component. 
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Figure 2: The design patterns in this chapter and the relations between them. The shaded 

patterns are those described in detail, whereas the unshaded ones are referred to by other 

patterns and listed as “thumbnails” in section Thumbnails8.9 

8.1.4 Structure of this Chapter 

Sections 8.2 to 8.8 describe one pattern each. For convenience, each section starts on a new page. 

Section 8.9 provides summaries – or “thumbnails”, as they are often called in the pedagogical 

pattern literature, of patterns used or mentioned in the course of the fully specified patterns. 

Section 8.10 concludes with some observations and general comments. 
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8.2 Mathematical Game Pieces 

Mathematical content is often injected artificially 

into games or other activities, as SUGAR-COATING. 

This has a dual effect of ruining the game and 

alienating the mathematics. By contrast, for many 

mathematicians, mathematics is the game. 

 

8.2.1 The problem 

How do you design (or choose) a game to convey mathematical ideas in an effective and motivating 

manner? How do you judge if a proposed game is an adequate tool for teaching particular 

mathematical concepts? 

8.2.1.1 Forces 

� A game used in education has to provide a good game experience, or else it is “just 

another boring task”. 

� Learners need to engage with the mathematical content that the game aims to 

promote. 

� The chosen representations need to be consistent both with the game metaphors and 

with the epistemic nature of the content domain. 

8.2.2 Context 

This is a high-level pattern, with a broad scope. It is relevant for - 

Educators wishing to use games as part of their teaching, either evaluating existing “educational” 

games, appropriating “entertainment” games, or designing and developing their own games. 

Developers wishing to develop games for the educational market. 
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Origins 

This pattern is based on the experience of the WebLabs project, and a review of many other games 

designed for learning mathematics. 

Extension 

This pattern takes a liberal interpretation of the term game, and would probably apply to many 

design scenarios which are not commonly considered as games. The key factor defining the 

situations where this pattern applies is that the designer is striving for an entertaining, self-

motivating activity which affords learners a high degree of autonomy.  

Boundaries 

This pattern would probably not be applicable where the mathematical content is subjective to 

other learning aims, such as passing an exam. 

8.2.3 Solution 

• Identify an element of the mathematical content you wish to address in this game. 

• Find a visual, animated or tangible representation of this element which is consistent with 

the game metaphors. 

• Design your game so that these objects have clear PURPOSE AND UTILITY as game elements in 

the gameplay structure. 

The objects representing the mathematical content should have a meaningful intrinsic role in the 

game. Manipulating these objects can be part of the game rules or goals, or understanding them 

could be a necessary condition for success. 

If the game includes or is followed by communication between participants, then the mathematical 

game pieces should become OBJECTS TO TALK WITH. 

8.2.4 Support 

Theoretical 

This reasoning behind this pattern can be traced back to the constuctionist approach. One of the 

principles of this approach is that effective, deep learning of mathematical concepts is driven by self-

driven engagement with representations of these concepts in activities where there is a genuine 

need for these concepts or their representation (diSessa and Abelson, 1981; Papert and Harel, 1991; 

Papert, 1996; Noss & Hoyles, 1996). In most constuctionist settings, these activities involve the 

construction of artefacts. The rationale is that there is a parallel between of the construction of 

external and mental structures; the manipulation of mathematical representations to create 

complex artefacts leads to the internalisation of complex mathematical concepts. 
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This pattern is based on the observation that the basic principle holds even when the learner is not 

required to construct new artefacts in the conventional sense. 

Empirical 

 

In Chancemaker (Pratt, 1988) users manipulate the odds of various chance devices, such as dice 

and roulette wheels. The game pieces are representations of probability (Figure 3). 

 

Figure 3: Chancemaker gadgets are probability game pieces 
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8.2.5 Liabilities 

Risks 

In some cases, the mathematical game pieces of a game present themselves in a straightforward 

manner. In others, significant effort is required

increase the time or cost of game development. This is a consequence of the relative high level of 

abstraction of this pattern, and can be addressed by choosing one of the sub

it in a more concrete manner. 

The effectiveness of this pattern is contingent on learners’ using the mathematical game pieces in 

the way envisioned by the designer. However, players of a game may reinterpret the objects they 

are given, and miss the designer’s i

frequent experiments with game prototypes.

Limitations 

In itself, this pattern does not guarantee that learners will find the game 

underlying mathematical content 

of the game is identified, designers should consult the relevant collections of game and interaction 

design patterns to ensure a high

In Programming Building Blocks (

a 3D shape from its 2D projections. The mathematical content is the focus of the

objects used in the game are straightforward representations of that content (

Figure 4: Building blocks constructi

10 

In some cases, the mathematical game pieces of a game present themselves in a straightforward 

manner. In others, significant effort is required to uncover them. Thus, applying this pattern might 

increase the time or cost of game development. This is a consequence of the relative high level of 

abstraction of this pattern, and can be addressed by choosing one of the sub-patterns which extends 

The effectiveness of this pattern is contingent on learners’ using the mathematical game pieces in 

the way envisioned by the designer. However, players of a game may reinterpret the objects they 

are given, and miss the designer’s intentions. To reduce this risk, it is important to conduct early and 

frequent experiments with game prototypes. 

In itself, this pattern does not guarantee that learners will find the game – and even more so the 

underlying mathematical content – engaging and entertaining. Once the genre and general structure 

of the game is identified, designers should consult the relevant collections of game and interaction 

design patterns to ensure a high-quality gaming experience. 

In Programming Building Blocks (http://www.thinklets.nl) the object of the game is to reconstruct 

a 3D shape from its 2D projections. The mathematical content is the focus of the

objects used in the game are straightforward representations of that content (

: Building blocks constructions as 3D geometry game pieces 

 

 

In some cases, the mathematical game pieces of a game present themselves in a straightforward 

to uncover them. Thus, applying this pattern might 

increase the time or cost of game development. This is a consequence of the relative high level of 

patterns which extends 

The effectiveness of this pattern is contingent on learners’ using the mathematical game pieces in 

the way envisioned by the designer. However, players of a game may reinterpret the objects they 

ntentions. To reduce this risk, it is important to conduct early and 

and even more so the 

engaging and entertaining. Once the genre and general structure 

of the game is identified, designers should consult the relevant collections of game and interaction 

) the object of the game is to reconstruct 

a 3D shape from its 2D projections. The mathematical content is the focus of the game, and the 

objects used in the game are straightforward representations of that content (Figure 4). 
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8.2.6 Notes  

This is a very high level pattern which needs to be elaborated per specific game and content classes. 

For example, in a quest type game it might spawn different sub-patterns than in puzzle type games. 

Likewise, factual and procedural knowledge might lead to different strategies than meta-cognitive 

skills. Nevertheless, it is useful as a guideline for evaluating design proposals. Its absence marks a 

game as a weak tool for learning. 

8.2.7 Related Patterns 

Used by: OBJECTS TO TALK WITH. 

Conflicts: SUGAR-COATING (anti-pattern)  

Elaborated by: GUESS MY X 
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8.3 Soft scaffolding 

 

Technology should be designed to 

scaffold learners' progress, but an 

interface that is too rigid impedes 

individual expression, exploration and 

innovation. 

 

8.3.1 The problem 

Scaffolding is a powerful tool for accelerating learning. It is a fundamental principle in many 

interactive learning environments, such as OISE's Knowledge Forum, and is a guiding principle in 

Learner-centred approaches (c.f. Quintana et al, 2004). However, scaffolds can become straitjackets 

when they are too imperative.  

How do you provide direction and support while maintaining the learners’ freedom, autonomy and 

sense of self, as well as the teachers’ flexibility to adapt? 

8.3.1.1 Forces 

� The role of the educator, and by extension educational tools, is to direct the learner towards 

a productive path of enquiry.  

� If the educational tool adamantly leads the learner through a set sequence, it risks failure on 

several accounts: 

� There is no leeway for innovations, explorations or personal trajectories of learning, and 

“fortunate mistakes”. 

� Learners feel deprived of personal voice, and their motivation may falter.  

� It is hard to bypass design flaws discovered in the field or adjust to changing 

circumstances. 
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8.3.2 Context 

Scaffolding is a term commonly used in educational design to describe structure that directs the 

learner's experience along an effective path of learning. Many interactive learning support systems 

provide some form of scaffolding, either explicitly designed or as a side effect of other features. 

Origins 

This pattern emerged from the design of the WebReports system, and specifically its template 

mechanism. As such, it is directly applicable to similar scenarios, namely the design of tools for 

learners to report, reflect on and discuss their learning experiences. 

Extension 

The concept of scaffolding applies to any system which attempts to guide users along a trajectory of 

learning. This pattern is potentially relevant to any such system. 

Boundaries 

This pattern would not be productive in situations where learners need to follow very strict 

procedures, or when the activity is tangential to the learning aims, for example when asked to 

provide personal details for administrative purposes. In such cases, there is no value in personal 

expression, exploration and innovation. 

Likewise, it is not likely to be useful in learning scenarios which call for unrestricted creativity and 

complete freedom of action. 

8.3.3 Solution 

Provide scaffolding which can easily be overridden by the learner or by the instructor. Let the 

scaffolding be a guideline, a recommendation which is easier to follow than not, but leave the choice 

in the hands of the learner.  

• When providing a multiple-selection interface, always include an open choice, which the 

user can specify (select 'other' and fill in text box). 

� When the user is about to stray off the desired path of activity, warn her, ask for 

confirmation, but do not block her. 

� When providing templates for user contributions, include headings and tips but allow the 

user to override them with her own structure. 
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8.3.4 Support 

Empirical 

The ACTIVE WORKSHEETS used in the WebReports system (DN 11) provided participants a structure to 

work with, but allowed them to take control and change this structure as their confidence grew 

(Figure 5). 

The ToonTalk tool packaging convention (DN 12), which was the basis for TASK IN A BOX, prompted 

learners to package their own productions in a particular way by providing them with useful 

examples. It did not block them from developing their own packaging style, but the ToonTalk-

weblabs interface did give precedence to conventionally packaged constructions (Figure 6). 

Figure 5: Example of Active worksheet. Learners were given a template in which to report 

on their exploration, but could edit it freely and replace the structure with their own. 
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8.3.5 Liabilities 

Risks 

One of the advantages of “rigid” or “hard” scaffolding is that it ensures that the content would be 

structured in a predictable manner, thus making it amenable for automated processing and allowing 

software systems to provide more intelligent support for learners.  

Limitations 

Any medium of expression has its inherent affordances, determining what modes of use would be 

more immediate. Thus the choice of medium is an implicit choice of hard constraints which 

determine the scope of potential soft scaffolds. For example, if the chosen medium only supports 

plain text, then the designer cannot give the user a choice of embedding images. 

8.3.6 Notes 

The forces of this pattern are present in face-to-face learning situations. Experienced educators 

resolve them by providing adaptive support; varying the learners freedom in response to their 

confidence. This could be implemented by intelligent tutoring systems, but simple learning 

environments lack this flexibility, and tend to compensate by being over-directive. 

Since its inception, this pattern has been recognised in a wide variety of TEME situations. In fact, 

when using off-the shelf technologies the scaffolding provided is often soft by necessity, since the 

technology was not tailored for a predefined use.  

8.3.7 Related Patterns 

Used by: GUESS MY X; NARRATIVE SPACES 

Extended by: ACTIVE WORKSHEET  

Conflicts: SEMI-AUTOMATED META-DATA 

 

Figure 6: Task-in-a-box demonstrating the ToonTalk packaging convention. Learners 

received their tasks in the recommended style for submitting their answers, but could edit 

and modify it to their preference.  
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8.4 Narrative spaces 

Constructing and interpreting 

narrative are fundamental epistemic 

mechanisms, by which humans make 

sense of events and observations. To 

leverage it, we must give learners 

opportunities to express themselves 

in narrative form. 

 

8.4.1 The problem 

How can the epistemic power of narrative be harnessed by educators and learners in the 

construction of mathematical meaning?  

8.4.1.1 Forces 

� Narrative is a powerful cognitive and epistemological construct (Bruner 1986; 1990; 1991). 

� Mathematics appears to be antithetical to narrative form, which is always personal, 

contextual and time-bound. 

8.4.2 Context 

Digital environments for collaborative learning of mathematics. 

Origins 

This pattern emerged from the design of the WebReports system, and the observations of the ways 

in which it was used to support the learning on mathematics. It is therefore immediately applicable 

to similar systems, i.e. such that aim to support construction, collaboration and communication as 

drivers of learning mathematics.  

Expansion 

It may be easy to extend this pattern to other subject domains. However, it is important to stress its 

essential significance in the domain of mathematics, where narrative is often neglected.  
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Boundaries 

Narrative assumes an identifiable narrator and audience. In environments where the learner does 

not have an opportunity to interact with other learners or instructors, this pattern is not likely to be 

effective. 

8.4.3 Solution 

Provide learners with a narrative space: a medium, integrated with the activity design, which allows 

learners to express and explore ideas in a narrative form. The effectiveness of a narrative space is 

contingent on its coordinated manifestation in two dimensions: a social and pedagogical space, and 

a communication medium. 

Pedagogical aspects 

From a pedagogical perspective, learners need to be encouraged to express themselves in narrative 

form, while making a clear distinction between narrative and mathematical formalism. 

Technical aspects 

The technical implications of narrative space appear along two axis: the provision of capacity for 

learners to express themselves in narrative forms, both verbal and non-verbal, and the inclusion of 

narrative markers in interfaces to improve their readability. 

� Allow for free-form text, e.g. by supporting SOFT SCAFFOLDING. 

� Choose NARRATIVE REPRESENTATIONS when possible. 

Mark narrative elements in the medium:  

� Clearly mark the speaker / author, to support a sense of voice.  

� Date contributions to support temporal sequentiality ('plot'). 

� Use SEMI-AUTOMATED META-DATA to provide context. 

8.4.4 Support 

Theoretical 

Narrative learning environments (NLEs) have been gaining attention in recent years (Dettori et al, 

2006). Narrative approaches to computer-enhanced learning are often focused on designing systems 

that support narrative-based learning (Mott et al., 1999; Decortis and Rizzo, 2002; Decortis, 2004), 

i.e. systems that support the production of imaginary narrative as the site of learning. Nehaniv 

(1999) argues for a broader view, claiming that any design that does not acknowledge the ‘narrative 

grounding’ of humans will appear to its users as bizarre, unintelligent and unintelligible. Likewise, 

Laurillard et al. (2000) highlight the importance of embedding narrative structure in the design of 



Chaper 8: design patterns 18  

multi-media resources, where non-linearity risks impeding learners from maintaining a personal 

narrative line and thus increasing cognitive costs. 

Healy & Sinclair (2007) highlight the role of narrative in more personal acts of understanding. Many 

testimonies show an alienated experience of mathematics. This barrier can be breached by allowing 

space for learners’ personal narratives, relating mathematical meanings to their own experiences 

and reflecting on their individual learning trajectories. Sfard and Prusak (2005) go further, arguing 

that learning mathematics is a matter of establishing identity, and this is done through narratives we 

tell about ourselves. Several researchers have suggested that in order to provide learners with tools 

for coping with unfamiliar problems, they need to share the experiences of those who posses such 

tools. Burton (1996) argues that this points to a need to facilitate learners’ authoring of their 

accounts of how they came to know mathematics. Chapman (2008) suggests a similar approach to 

teacher education, highlighting stories of teaching mathematics.  

Considering these observations with respect of TEME suggests that systems not designed explicitly 

for narrative production need to be narrative-aware. Users should be provided with adequate 

flexibility that enables them to express their ideas in narrative form. The constituents of narrative 

should be apparent in the interface design to make the content easier to grasp.  

Empirical 

The design of the WebReports system (DN 11) embodied this pattern in several levels. One of the 

formative design decisions in the development of the system was to prefer open formats of reports 

and comments over rigidly structured ones. This format was utilised in the activity design, allowing 

authors to express themselves in narrative form. The value of this mode of expression is 

demonstrated in Rita’s guess my robot (DN 5), Alan’s report on convergence (DN 9) and Susan’s 

proof of convergence (DN 10).  

The interface of WebReports demonstrated a narrative meta-structure, by highlighting the author 

identity and contextual elements upfront. 

ToonTalk’s narrative qualities may have contributed to its success in elucidating abstract ideas. 

ToonTalk’s programmes are represented by robot figures which work through the procedures step 

by step. Observing such a programme in action puts the mathematical concept into a narrative form 

that retains the rigour of algebraic symbolism, albeit in a radically different format. In the basic 

sequences activity (DN 2), students built two ToonTalk robots. The first generates the natural 

numbers, and can be generalized to any arithmetic progression. The second takes a sequence as its 

input and produces a series of its partial sums. Paul’s articulation of the robots’ operation (DN 3) 

caries a strong sense of narrative.  

Students found unexpected ways to use ToonTalk to narrate, or ‘narratize’ their mathematical 

arguments, as demonstrated in the case of Joe999’s guess my robot (DN 6). 

Similar phenomena can be observed in the case of Scratch and its community site (Monroy-

Hernández and Resnick, 2008; Resnick, 2007; Maloney et al, 2004). Like ToonTalk, Scratch is a 

programming language designed to be used creatively by children of all ages. The Scratch language is 

coupled with a community web site which allows users to present their creations, comment on 
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others’ work, collaborate on projects and “remix” each others’ code. Many users use Scratch to 

present a narrative of some form or other, and the project notes and discussions on the site both 

demonstrate narrative spaces. 

8.4.5 Liabilities 

Risks 

One of the key characteristics of narrative is that it conveys knowledge implicitly, in the words of 

Walter Benjamin – 

“Actually, it is half the art of storytelling to keep a story free from explanation as one reproduces it 

(...) the psychological connection of the events is not forced on the reader. It is left up to him to 

interpret things the way he understands them” (Benjamin, 1968). 

This quality grants narratives their epistemic power and aesthetic beauty, but it is also an obstacle in 

the way of scrutiny and rigor. In order to have a critical discussion of claims, they need to be 

articulated explicitly and precisely. Narrative form is also at odds with a basic principle of 

mathematics: the construction of new knowledge by de-contextualised symbolic manipulation. 

Consequently, it is important to remember that narrative, especially in its imaginative form, is an 

important step in knowledge construction – but not an end point. 

8.4.6 Notes 

Chapter 4 made a distinction between identity narratives and design narratives. This distinction can 

be extended to the realm of learning mathematics. An identity narrative tells a story of coming to be 

mathematical, a design narrative tells a story of doing mathematics: solving a problem 

mathematically. The design of educational activities should allow learners to share narratives of both 

types. Educators sometimes tend to discount learners’ narrative articulations as “non-mathematical” 

or blatantly wrong. Instead, these articulations need to be acknowledged, and then transposed – in a 

process of dialogue – to a paradigmatic form. 

8.4.7 Related Patterns 

Uses: NARRATIVE REPRESENTATIONS; OBJECTS TO TALK WITH; SEMI-AUTOMATED META-DATA; SOFT SCAFFOLDING 

Used by: GUESS MY X 
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8.5 Objects to talk with 

Natural discourse makes extensive use of 

artefacts: we gesture towards objects that 

mediate the activity to which the discussion 

refers. This dimension of human interaction is 

often lost in computerized interfaces. When 

providing tools for learners to discuss their 

experience, allow them to easily include the 

objects of discussion in the discussion. 

 

8.5.1 The problem 

Several approaches to mathematics education highlight the importance of conversation and 

collaboration. The communicational approach (Sfard, 2008) equates thinking with communication, 

and sees learning mathematics as acquiring certain rules of discourse. Yackel and Cobb (1995) talk of 

the establishment of socio-mathematical norms through classroom discourse. Hurme and Järvelä 

(2005) argue that networked discussions can mediate students’ learning, allowing students to co-

regulate their thinking, use subject and metacognitive knowledge, make metacognitive judgments, 

perform monitoring during networked discussions and stimulates them into making their thinking 

visible. 

Most computer-mediated discussion tools are strongly text-oriented, prompting users to express 

their thoughts lucidly in words or symbols. Yet two important elements of natural conversation are 

lost: the embodied dimension, i.e. gestures, and the ability to directly reference the objects of 

discussion. 

8.5.1.1 Forces 

• Conversation is a powerful driver of learning, it: 

o Prompts learners to articulate their intuitions and in the process formulate and 
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substantiate them. 

o Establishes mathematical norms of discourse. 

o Enables learners to share knowledge and questions. 

• Conversation is even more powerful when building on personal experience or constructing 

or exploring mathematical objects. 

• However, text based conversation media may obstruct learners, by forcing them to describe 

verbally the objects of enquiry which they would naturally gesture at. 

 

8.5.2 Context 

Web-based collaboration and communication systems. 

Origins 

The pattern emerged from the design of the WebReports system, where learners shared and 

discussed toontalk code, charts, spreadsheets and other artefacts created in the course of 

investigating mathematical questions. 

Expansion 

This pattern is likely to apply to most interfaces which allow learners to converse about a common 

activity. 

Boundaries 

In some situations conversation originates from the production a shared, on-line, object, e.g the co-

authoring of a document. In such cases this pattern is somewhat trivial.  

In other cases the object of discussion is considered common knowledge (e.g. the Eifel tower) and its 

representation would be superfluous.  

8.5.3 Solution 

Learning activities often involve the use or construction of artefacts. When providing tools for 

learners to discuss their experience, allow them to easily include these artefacts in the 

discussion. If the activity is mediated by or aims to produce digital artefacts, then the discussion 

medium should allow embedding of these artefacts. The medium should support a visual 

(graphical, symbolic, animated or simulated) 1:1 representation of these objects. 
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Pedagogical aspects 

In POST LUDUS discussions, the game’s MATHEMATICAL GAME PIECES should become the OBJECTS TO 

TALK WITH. If the game is supported by a NARRATIVE SPACE, this emerges from the game flow.  

Technical aspects 

When providing a NARRATIVE SPACE, allow the user to seamlessly embed the objects of discussion 

in the flow of narrative, so that learners can refer to these objects in a naturalistic manner.  

8.5.4 Support 

Theoretical 

The creation and manipulation of artefacts as part of the learning process is a core principle of the 

constructionist paradigm. Conversation about personal experiences and derived observations, as a 

driver of learning, is fundamental to social constructivist approaches. This pattern brings the two 

together. 

The idea of semiotic mediation – the role of artefacts as embodiments of historical-cultural 

knowledge – is a central theme in Vygostky’s theory (Vygotsky, 1987; Wertsch, 1998). This idea has 

been considered in the context of designing learning technology by the activity-theoretic tradition in 

HCI (Kaptelinin, 2003). At the same time, it is useful in understanding the personal and historical 

development of mathematical knowledge (Radford, 1998; 2005). Interfaces which do not afford the 

inclusion of artefacts or their visual representation loose the power of semiotic mediation. 

Empirical 

This pattern identifies one of the WebReports system’s primary design objectives. When developing 

the final version of the system, significant effort went into providing streamlined integration, which 

would allow students to select objects in ToonTalk and with a few clicks embed them in a webreport. 

The embedded objects were represented by their graphical image. When clicked, this image would 

invoke the original ToonTalk object in the viewers’ ToonTalk environment. Likewise, when the 

activity involved graphs, learners could embed these in their report. 

The implementation of this pattern was critical to the success of activities such as Guess My Robot 

(DN 4), where players embedded I their reports challenges and responses in the form of  ToonTalk 

objects, and the convergence and divergence activity (DN 8) where they embedded graphs of their 

sequences. Alan’s and Susan’s stories (DN 9 and 10) show how learners refer directly to the objects 

they had constructed in articulating their mathematical and meta-cognitive arguments. 

8.5.5 Related Patterns 

Used by: GUESS MY X; TASK IN A BOX; ACTIVE WORKSHEET; SOFT SCAFFOLDING; NARRATIVE SPACES; POST LUDUS 

Uses: MATHEMATICAL GAME-PIECES 
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8.5.6 Notes  

The wide range of patterns which use this one indicate that it is indeed a fundamental component, 

applicable to most systems aiming to support discussion and collaborative learning. 
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8.6 Guess My X 

Use a CHALLENGE EXCHANGE game of BUILD THIS puzzles to 

combine construction and conversation, promoting an 

understanding of process-object relationships and lead to 

meta-cognitive skills such as equivalence classes, proof 

and argumentation. 

 

 

 

 

 

 

 

 

8.6.1 The problem 

A teacher wants to design a game for learning concepts, methods and meta-cognitive skills in a 

particular mathematical domain. This game should use a combination of available technologies.  

Many complex concepts require an understanding of the relationship between the structure of an 

object and the process which created it. Novices may master one or the other but find it challenging 

to associate the two. Constructing objects helps build intuitions, and discussing them espouses 

abstracting from intuitions and establishing socio-mathematical norms (Yackel & Cobb, 1995). 

Learning mathematics is fundamentally learning to be a mathematician. It requires the learner to 

internalize a range of mathematical skills as regular habits: computation, analysis, conjecturing and 

hypothesis testing, argumentation and proof. For this to happen, the learner needs to be deeply 

engaged in meaningful mathematical inquiry, problem solving and discussion. Games provide a 

natural setting for the kind of “flow” needed, but how do we ensure that the focus of this flow is 

mathematical activity and discourse? 

8.6.1.1 Forces 

� Many mathematical domains require learners to understand the relationship between 

mathematical objects and the process which generated them. This is a challenge for 

many learners. 

� The teacher needs a non-invasive monitoring mechanism to assess students' 
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performance. 

� The communicational approach (Sfard, 2006) sees learning mathematics as acquiring a 

set of language rules and meta-rules. In order to achieve this, learners need to engage in 

meaningful and sustained discussion of mathematical topics. 

� The classroom hierarchies and the perception of a teacher as more knowledgeable 

causes learners to be cautious and restrained in their mathematical discourse. 

8.6.2 Context 

Primarily, a classroom supported by a technological environment which provides a shared and 

protected web space (e.g. wiki or forum), common tools (programming environment, spreadsheets, 

etc.) and sufficient access time for all students.  

The game relies on sustained interaction over a period of several sessions. It can be used as a short 

introduction to a topic, but the greater meta-cognitive benefits may be lost if not enough time is 

allowed for conversations to evolve. 

Also works for several groups collaborating over a web-based medium. 

8.6.3 Solution 

Guess my X is a pattern of game structure, which can be adapted to a wide range of mathematical 

topics. It extends CHALLENGE EXCHANGE to encourage discussion and collaborative learning, and to 

break down classroom hierarchies. It uses BUILD THIS to engender reflection and discussion about the 

relationships between mathematical objects and the processes that produce them. The core of the 

pattern is described in Figure 7.  
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Figure 7: Schematic diagram of GmX 

GmX involves players in two roles, proposers and responders, and a facilitator. An implementation of 

the game would specify a domain of mathematics and rules for constructing processes in that 

domain. A proposer sets a challenge, in the form of a mathematical object which she constructed. 

The explicit rules of the game define the nature of the process by which this object can be created, 

but not its details. A proposer would construct such a process, and capture its product. The proposer 

then saves the process model in a private space and publishes the product as a challenge. 

Responders then need to “reverse engineer” the process from the product. If they succeed, they 

publish their version as a response to the challenge. The proposer then needs to confirm the 

responder’s solution of provide evidence for the contrary. 

8.6.3.1 Set-up phase 

Before the game begins, the teacher needs to verify that the players have a minimal competence in 

analysing and constructing the mathematical objects to be used. 

1. Teacher introduces the rules of the game and the game environment.  

2. Teacher simulates one or two game rounds during a whole class discussion. 

3. Students may need to initialize their game space on the chosen collaborative medium. 

If the game uses separate media for construction and communication, consider using a TASK IN A BOX 

to streamline the transition between them.  

8.6.3.2 Game session 

The game sessions for the proposer and the responder are different, although the same player can 

play both parts in parallel.  
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1. Proposer initiates the game, by constructing and object according the game rules and 

publishing it. She then waits for responses. 

2. Responder chooses an attractive challenge, and attempts to resolve it. If she believed she 

has succeeded, she responds to the challenge by posting the object she constructed and the 

method she used. 

3. Proposer reviews the response, and confirms or rejects it. If the response is rejected, an 

argument needs to be provided. 

8.6.3.3 Play session  

Each play session involves a single iteration of the game. Students tend to prolong their interaction 

in the game, by providing secondary challenges, etc. Since the iterations are a-synchronous, there 

may be a time gap of several days between turns. 

The communication medium chosen for the game should afford NARRATIVE SPACES for the proposer 

and the responder. Although the rules of the game are limited to the exchange of mathematical 

objects, the ability to augment these with personal narratives is crucial for personal reflection as well 

as for collaborative knowledge building.  

8.6.3.4 Set-down phase 

The POST LUDUS discussion should highlight the issue of the evaluation function and its resolution. 

Pedagogical aspects 

It is important to keep the mathematical content explicit from the start. The game is not a SUGAR-

COATING to disguise the mathematics: it is a game with MATHEMATICAL GAME-PIECES. The rules of the 

game are intentionally left vague, in the sense that the evaluation function used to determine the 

responders' success is not fully specified. This requires students to negotiate what constitutes a 

correct answer, and in doing so collaboratively refine the underlying mathematical concepts. These 

negotiations can lead to discussions of issues such as proof, equivalence and formal descriptions.  

Technical aspects 

The quality and extent of these discussions depends on the scaffolding and provocations provided by 

the teacher, but a necessary condition for them to emerge is that the medium of the game provide a 

NARRATIVE SPACE, Where the MATHEMATICAL GAME-PIECES of the game can become OBJECTS TO TALK WITH. 
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8.6.4 Support 

Theoretical 

The basic structure of Guess my X draws on the popular “Guess my rule” game, which has 

traditionally been used by teachers as an introduction to functions and to formal algebraic notation. 

Carraher and Earnest (2003) note that children of all ages enjoy this game, and can be drawn by it 

into discussions of algebraic nature. Guess my rule has been adapted to TEME environments, using 

Logo and spreadsheets (c.f. Healy & Sutherland, 1990).  

The particular design of GmX promotes the emergence of a community of practice (Lave and 

Wenger, 1991) among its players. Wenger (1998) proposes three dimensions of practice as the 

property of a community: 

• Mutual engagement: a sense of “working together”.  

• Joint enterprise: having some object as an agreed common goal. 

• Shared repertoire: agreed resources for negotiating meanings. 

These elements are provided by the rules of the game and the supporting collaborative 

environment. The joint enterprise is mathematical, and thus prompts learning in this direction. The 

loosely specified rules of the game lead participants to establish their own rules, which contribute to 

the community’s sociomathematical norms Yackel & Cobb (1995). 

Empirical 

GmX emerged from the Guess my Robot game (DN 4, 5, 6). This game was first tested in 2002, and 

then refined and re-tested in the two subsequent years, with promising results. The pattern then 

served as a model for other activities designed and conducted by colleagues Michelle Cerulli and 

Gordon Simpson in the domain of function graphs (Simpson, Hoyles and Noss, 2006) and 

randomness (Cerulli, Chioccariello and Lemut, 2007). Pratt et al (2009) note that GmX was used to 

develop the guess-my-die game (Pratt, Johnston-Wilder, Ainley and Mason, 2008) in the domain of 

statistics.  

8.6.5 Liabilities 

Risks 

The game requires flexibility in time to allow learning dynamics to emerge. The game can be played 

by individuals, pairs or teams. The number and spread of participants can also vary. However, it is 

crucial to allow enough time for a culture to emerge. This can be achieved by interleaving the game 

with other activities, e.g. playing it for the last 10 minutes of each session over several weeks. 

The fact that the game dynamics are driven by participants makes the educators’ role subtle and 

critical. The educator needs to facilitate fruitful interactions, and monitor these to divert them to 

high standards of mathematical discourse. 
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Limitations 

Guess my X assumes a degree of social and technical sophistication which suggests it would be 

suitable for young teens and above. It can, however, be adapted for younger children.  

It is suitable for concrete, well-bounded content domains, such as computation, modelling or 

analysis. It uses these as a stratum for developing meta-cognitive skills of problem solving, analysis, 

argumentation and general mathematical discourse. 

8.6.6 Notes 

Both proposers and responders tend to converge to challenges which are HARD BUT NOT TOO HARD. 

When the environment encourages social cohesion, players seem to reciprocate 'good' challenges.  

8.6.7 Related Patterns 

Extends: MATHEMATICAL GAME-PIECES;  

Uses: CHALLENGE EXCHANGE; BUILD THIS; TASK IN A BOX; OBJECTS TO TALK WITH; NARRATIVE SPACES; 

Leads to: POST LUDUS; 
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8.7 Transparent Stream 

8.7.1 The Problem 

Number patterns and number sequences offer a path into complex mathematical topics such as 

functions, algebra and cardinality. Pattern spotting in number sequences is intuitive and appealing to 

most learners. However, many learners find it challenging to transcend intuition and formulate 

rigorous analytical concepts. Computational representation and manipulation of sequences can help 

learners in this transition, if it is compatible both with intuitive and formal views of sequences. 

Forces 

• Number patterns and sequences are accessible and appealing to many learners. A possible 

source for the intuitive attractiveness of sequences is their narrative nature.  

• Formal analytical concepts of number sequences are a viable basis for many other complex 

mathematical concepts. 

But – 

• The formal representation of number sequences, which is needed for their mathematical 

manipulation, is un-intuitive and confusing for most learners. This may be due to the fact 

that the formal representation does not retain the narrative character of sequences. 

• Manipulations on sequences are computationally intense, and thus take considerable time 

when performed on paper. 

Programmable representations of sequences alleviate these problems, because – 

• The enforce a formalism which may be more accessible to learners 

• The allow manipulation of large finite sequences in reasonable time 

However, the common representations of sequences as lists or tables of numbers – 

• Decouples the terms of the sequence from the process of their production, thus breaking 

away from intuition. 

• Do not capture the narrative character of sequences. 

• Have no way of conveying the infinite nature of mathematical sequences. 

8.7.2 Context 

Origins 

This pattern emerged from the search for effective methods of designing exploratory activities in the 

domain of number sequences, using the ToonTalk language. The range of activities envisioned was 

extensive, including analysis, cardinality, convergence, complexity and number theory. The decision 

to extend the STREAM pattern was based on its well established robustness in software engineering. 

Some of these activities were implemented and others only designed at a conceptual level. 
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Nevertheless, the evidence from these experiments suggests the pattern should be valuable for 

teaching many subjects related to number sequences.

Boundaries 

The pattern utilises the features of object based concurrent languages. Although it can be 

implemented in many languages which do not support these qualities, the result may be 

cumbersome. 

8.7.3 Solution 

The STREAM design pattern (also known as “pipeline processing”) 

engineering as an efficient and robust aid for managing large quantities of sequential data (Abelson 

and Sussman, 1996; Shapiro 1988). For example, in the Java program

standard approach for handling program input and output and inter

2005; Eckel, 2002).  

In this approach, data is processed by combin

component can receive a single element, perform a limited computation on it, and pass it on. 

sequence as a whole is generated or manipulated by repeatedly invoking a chain of such 

components.  A component that produces elements without any input is often called a “source”, one 

that consumes elements but does not generate any output (e.g. stores the element to disk or 

displays them on screen) is a “sink”, and one that modulates or manipulates a flow of elements is a 

“filter”. A chain of components may be invoked by a source “pushin

them.  

Figure 8 shows an example Stream

application needs to collate raw data from a real

histogram displaying traffic density per time slot.

Figure 8: schematic view of a traffic monitoring application using the Streams design 

pattern. A sensor (1) generates a stream of real

processing filter (2), which converts it to a stream of structured data, on

(3) which aggregates the data by time

for the stream of time-aggregated data and displays traffic density 
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The STREAMS pattern is potentially a powerful representation for exploring and learning about 

number sequences. However, in order to realise this potential several modifications and extensions 

are needed. These are the essence of the TRANSPARENT STREAMS pattern. 

8.7.3.1 Basic structure 

The TRANSPARENT STREAMS pattern provides a framework for representing and operating on number 

sequences in programmable media. The fundamental elements of this framework are: 

• A unit source stream, e.g. a constant stream of 1s, or a stream of the natural numbers. 

• Function filters, which perform a mathematical operation on a stream of numbers (or 

several streams). 

• Post-processing sinks, which display or store streams of numbers, or delegate their 

processing to external programs. 

Examples of function filters include: 

• Memory-less unary operator filters, which apply a fixed function to each term of the 

sequence they consume and outputs its outcome. E.g. a “times 2” filter would multiply every 

term of the incoming sequence by 2.  

• Aggregators, e.g. a filter that adds the incoming terms to a running total and outputs a series 

of partial sums. 

• Conditional filters, e.g. a filter that eliminates odd terms and passes on the even ones. 

• Multi-stream operator filters, e.g. a stream difference filter which subtracts each term of 

one sequence from the respective term of the other and outputs the stream of results. 

Examples of post-processing sinks include: 

• Graph display of stream terms as they come in 

• A spreadsheet conduit, which collates the terms from a stream to a file readable by a 

spreadsheet application. 

Pedagogical aspects 

TRANSPARENT STREAMS can be used in an instructionist setting, as a simulation tool for teacher 

demonstrating mathematical ideas, or in a constuctionist setting, by learners exploring these ideas 

independently. An instructionist scenario would call for refined tools which can be easily activated 

on the fly – even at the expense of limited control. 

A constructionist scenario would require very little in terms of pre-configured tools. In this case, it is 

the learners themselves who should internalise the TRANSPARENT STREAMS pattern, and use it in the 

course of their activities. These activities would typically include: 

• Constructing number sequences: Learners can use a unit source and basic operation filters 

to construct complex sequences, and thus appreciate their structure. 

• Analysing number sequences: Learners are given a complex source sequence, and use 

various filters to uncover its underlying structure, or raise and test conjectures about its 

properties. 
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• Modelling sequential phenomena: Learners use simulation of, or data logged from observed 

phenomena represented as a source stream and use various filters and sinks to analyse and 

represent it. 

Technical aspects 

STREAMS can be implemented in most languages, although they are perhaps better suited for object-

oriented concurrent languages. However, in order to be pedagogically effective they need to be 

enhanced with a user interface which allows learners to observe both their inner workings and their 

external effects in a controlled manner; hence the qualifier “transparent” in this pattern.  

The user interface of TRANSPARENT STREAMS should allow the learner to: 

• Inspect each component in isolation, both behaviourally and structurally. A behavioural 

inspection allows the learner to provide the components with input data and observe the 

respective outputs. A structural inspection allows the user to observe how the component 

maps inputs to outputs internally. 

• Easily connect components to form chains of processing. 

• Regulate the speed of flow, i.e. control the pace by which sequence terms are “pushed” by 

the source or “pulled” by the sink through a chain of components. 

• Zoom in and out seamlessly, from observing a single component to the combined effect of a 

chain in action. 

In an instructionist setting, additional requirements may arise, for example that the components 

have a visual signature which makes them easy to identify.  

In a constructionist setting, it is important that each individual component is simple enough for the 

learners to be able to construct it themselves, even if it provided as a tool. Complexity emerges from 

the combination of simple components. 

8.7.4 Support 

Theoretical 

As noted in Chapter six, children’s intuition of sequences tends to be predominantly recursive. The 

stream design pattern allows us to capture this intuition and formulate it as code. 

Chapter six also noted the importance of maintaining a cohesive process-product view of sequences. 

In traditional list programming, the process (generating the sequence) is decoupled from the 

product (an enumeration of the first n terms). Similarly, the relationship between successive terms 

of the sum series is lost, as each one is computed independently from the original list. A stream is an 

object which ties together the process and the product. 

A final rationale for the stream approach concerns difficulty of conceptualising infinity. Several 

researchers (Tirosh, 1991; Li & Tall, 1993; Falk and Lavy, 1989; Dubinsky et al, 2005) have 

commented on the tension between potential and actual infinity. Any manifestation of infinity in a 

computational medium is inevitably potential, since the computer’s memory and processing power 
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is finite. The stream pattern is as close as possible to this intuitive concept of infinity; it will continue 

providing terms indefinitely until it is interrupted. It can also possibly provide a bridge towards the 

conception of actual infinity: since it is not possible to count the length of a stream (as is possible 

with lists), the stream object itself represents all terms of the sequence – ad infinitum. Again, the 

power of streams is not in the representation of any specific infinite process – but in the possibility 

of combining and manipulating infinite processes. 

Empirical 

The TRANSPARENT STREAMS pattern emerged from, and was refined through, the basic sequences 

activity (DN 2, 3). It was then used as the fundamental programming approach to sequences 

throughout the Guess my Robot (DN 4) and convergence (DN 8) activities.  

It was then used by my colleague Gordon Simpson in the design of Guess my Graph (Simpson, Hoyles 

and Noss, 2006) and by my colleague Ken Kahn in the design of activities for the domain of infinity 

and cardinality (Kahn, Sendova, Sacristan and Noss, 2005).  

8.7.5 Liabilities 

Risks 

While the STREAMS pattern is very robust as a general purpose programming technique, the 

pedagogical effectiveness of TRANSPARENT STREAMS is highly sensitive to the specific features of the 

user interface, as demonstrated by the story of Eager Robots (DN 13). 

TRANSPARENT STREAMS reinforce the naïve recursive perception of sequences, i.e. as functions from 

one term to the next rather than a function of the index. This perception gives precedence to 

sequences which are easier to formulate in recursive form, as demonstrated by the story of 1/n vs 

1/2
n
 (DN 7). 

Limitations 

Representing a sequence as a stream would be ineffective for scenarios which require processing of 

large sections of the sequence at once, or rely on random access to sequence terms by their index. 

8.7.6 Notes 

Potential extensions 

In application programming, streams are used to process non-numeric data, such as text or sensor 

readings. Such uses have potential educational value, either in learning domains where they emerge 

naturally or as motivational problems for mathematical modelling. 

8.7.7 Related Patterns 

Extends STREAMS; NARRATIVE REPRESENTATION 
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8.8 Task-in-a-box 

When using environment A to provide tasks in 

environment B, package these tasks in a compact form 

that can be embedded in A and unpacked in B. Each task 

package should include the task description, any tools 

required to perform it, and the mechanism for reporting 

back the results. 

8.8.1 The problem 

Switching from one environment to another looses the 

activity context. This is a source of confusion. Often 

learners are bemused by the need to transform the task 

from one representational framework to another. As a 

result, learners’ time is lost on a cause that rarely 

contributes to the learning aims. 

 

 

Forces 

• Complex tasks may require multiple tools or work environments.  

• Often the optimal tool for a particular learning task cannot be embedded in the medium 

used to orchestrate learning activities. 

• Setting up the tools and work environment needed to perform a task may demand 

considerable time, which is tangential to the task itself and the associated learning 

objectives. 

• When the task is defined in one environment but executed in another, learners need to rely 

on their memory for the task details – thus increasing cognitive load, or constantly switch 

between environments – increasing work load. 

8.8.2 Context 

Complex learning tasks mediated by multiple media. 

Origins 

This pattern emerged from the integration of WebReports and ToonTalk in the WebReports project. 

Expansion 

This pattern should potentially apply to any scenario where the medium in which learning tasks are 

delivered or discussed is different from the medium in which they are preformed. E.g. a task 

conducted using spreadsheets but delivered to learners via a VLE. 
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Boundaries 

This pattern is not applicable when the task execution media is too complex or specialised to allow it 

to be packaged, e.g. when it includes large mechanical tools. 

8.8.3 Solution 

When the learning orchestration medium (LOM) is detached from the learning task execution 

medium (TEM), learners need to “switch context” when embarking on a task – both physically and 

mentally. Switching context looses the thread of activity. Learners need to reconstruct a 

representation of the task in a new environment. This adds on to the general disorientation of 

shifting from one language to another. To avoid this problem: 

� Create a task object (TO) in TEM, which includes: 

o A description of the task. 

o The data and tools required to perform the task. 

o A container for the task outcomes. 

� Create a metaphoric (iconic) representation which allows you to refer to an object in 

TEM from within LOM. 

� Make the iconic representation a control in LOM which invokes its referred object in TEM. 

� Create a convention for representing tasks which uses the iconic representation above. 

� When describing the task in LOM, accompany the description with an iconic representation 

of the same task in TEM. 

� Instruct users to invoke this representation to transfer themselves, with the task, from 

LOM to TEM. 

� Provide the users with a mechanism for transferring the TO back from TEM to LOM when 

the task has been completed and the results stored in the outcome container. 
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Figure 9: Schematic diagram of the Task

8.8.4 Support 

Empirical 

The WebReports system employed

encapsulated programming tasks 

Figure 10: Example ToonTalk 'task in a box' from the WebLabs project

8.8.5 Liabilities 

Risks 

An over-regimented implementation of this pattern can lead to mechanistic task execution, and 

consequently hindering creativity and reflexivity. Preferably, the task object 

SOFT SCAFFOLDING. The task, and by extension the instructions and tools included in the TO, should be 

designed to challenge the learner with respect to the learning aim and 

obstacles. 

Limitations 

Sometimes, mapping an idea to a new 

right. If this is the case, then it needs to be made explicit.
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: Schematic diagram of the Task-in-a-Box pattern. 

system employed ACTIVE WORKSHEETS which included ToonTalk

encapsulated programming tasks described in the worksheet text (Figure 10). 

k 'task in a box' from the WebLabs project 

regimented implementation of this pattern can lead to mechanistic task execution, and 

consequently hindering creativity and reflexivity. Preferably, the task object (TO) 

The task, and by extension the instructions and tools included in the TO, should be 

designed to challenge the learner with respect to the learning aim and 

Sometimes, mapping an idea to a new representation is a worthy learning experience in its own 

right. If this is the case, then it needs to be made explicit. 

 

 

ToonTalk boxes. These 

 

regimented implementation of this pattern can lead to mechanistic task execution, and 

(TO) should serve as a 

The task, and by extension the instructions and tools included in the TO, should be 

designed to challenge the learner with respect to the learning aim and minimise tangential 

representation is a worthy learning experience in its own 
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8.8.6 Notes 

A fully streamlined implementation of this pattern will typically require bespoke modifications of 

both the user interface and the underlying application interfaces of both the LOM and the TEM. 

However, it can usually be readily applied with minimal compromises in a variety of scenarios, even 

without any coding. The context section above included an example of a task involving spreadsheets 

and delivered via a VLE. In this example, a teacher can use the spreadsheet file as a TO, by creating a 

sheet with the task summary, various utility formulae, and a table for collating results. A second 

sheet would include the data to be processed, and a third dedicated as the learners’ work area. This 

spreadsheet would be uploaded to the VLE and linked from the task description page. 

If the LOM is a NARRATIVE SPACE, then the TOs can be used as OBJECTS TO TALK WITH. 

8.8.7 Related Patterns 

Uses SOFT SCAFFOLDING 

Used by ACTIVE WORKSHEETS 

Associated NARRATIVE SPACE, OBJECTS TO TALK WITH. 

 

8.9 Thumbnails 

NARRATIVE 

REPRESENTATIONS 

Prefer forms of representation which have narrative 

qualities, or afford narrative expression. These are not only 

textual representation, but also visual or animated forms 

which include elements of context, plot, and voice.  

POST LUDUS Follow a game (or any other exploratory activity) with a 

discussion in which participants are prompted to articulate 

their learning experience and acquired knowledge. Such a 

discussion brings intuitions to the surface, strengthening 

structured knowledge and exposing discrepancies.  

HARD BUT NOT TOO 

HARD 

A challenge has to be set at a level which is slightly above 

the participants current level. A challenge too easy will be 

perceived as boring, while a challenge too hard will result in 

frustration – both leading to disengagement. 

CHALLENGE 

EXCHANGE 

A self-regulating mechanism for implementing HARD BUT 

NOT TOO HARD: allow learners to set challenges for one 
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another. 

BUILD THIS A type of challenge / game, where learners are shown an 

object and asked to reconstruct is. 

ACTIVE WORKSHEET Scaffold learners work by an on-line worksheet which they 

edit as they progress through a task. Tools needed for the 

task are embedded in the worksheet. Learners populate the 

worksheet with products of their work, along with 

explanatory narrative, responses to questions, etc. 

SUGAR-COATING 

(anti-pattern) 

Mathematical (or any other subject) matter is injected into a 

game in a disconnected way, so that the game is the sugar-

coating used to help the learner swallow the bitter content.  

As a result the game loses its appeal, and the learner 

receives the message that the educational content is 

inherently un-enjoyable.  

Resnick (2006) argues vigorously against the trend towards 

sugar-coating prevalent in “edutainment”. 

 

8.10 Conclusions 

This chapter presented seven patterns, contributing towards a language of patterns for techno-

pedagogical design for mathematics learning and teaching, and outlined another seven. These 

design patterns reflect an approach which sees the technological and pedagogical dimensions 

inseparable in the design of educational activities and tools. Thus, while some patterns emphasise 

certain features of technology and others highlight structures of activity, they all relate to some 

extent to both.  

Chapter Seven concluded with several themes pertaining to the design of technology for technology 

enhanced mathematics education. These themes capture the insights emerging from the design 

narratives, yet are expressed in a fairly abstract manner, in which they are neither refutable nor 

readily implementable. The patterns presented in this chapter systematically unpack these themes. 

Each pattern can be read as a practical imperative or as a local theory. As a practical imperative, it 

serves as a recommendation for the educational designer to be sensitised to challenges which may 

arise in a given context, and some possible ways of dealing with them. As a local theory, it is a claim 

that problem P under conditions C can be addressed by solution S. Such a form opens the door for 

systematic scientific discourse of design. 
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The first theme derived from the theoretical discussion in Chapter Six, and examined through the 

narratives in Chapter Seven, is the power of combining construction, communication and 

collaboration, which was reified in patterns such as OBJECTS TO TALK WITH, BUILD THIS, 

CHALLENGE EXCHANGE, and POST LUDUS. This theme is tightly related to the issue of narrative, 

which manifests itself in patterns such as NARRATIVE SPACES and NARRATIVE REPRESENTATIONS. 

Whereas these themes have a fairly general remit for TEME, the demonstrator study focused on 

learning number sequences. The theoretical review engendered a proposal to design educational 

experiences that allow formal concepts to flow from intuitions, rather than against them. This 

principle, combined with the two above, is the primary source of GUESS MY X. In the case of 

number sequences, the theoretical review claimed that naïve intuitions are recursive, consequently 

motivating the use of the STREAM pattern. However, this pattern needs to be elaborated to make it 

suitable for educational purposes. The result is the TRANSPARENT STREAM, which provides 

functional modularity and prompts learners to acknowledge the relationship between process, 

parameters and product and to classify sequences by their behaviour. 

When dealing with technology it is inevitable to consider the user interface. An interface, by 

definition, is the layer through which users access a technology’s functionality. In the case of TEME, 

technology is designed to engage the learner with mathematical ideas. Yet it cannot do so without 

interfaces which will provide access to these ideas. Such interfaces need to combine usability and 

pedagogy, as demonstrated by patterns such as SOFT SCAFFOLDING, TASK IN A BOX, SEMI-

AUTOMATED META-DATA and ACTIVE WORKSHEETS.  

On the other hand, technology designed for learning should embody fundamental educational 

principles and values. This ideal is exemplified by patterns such as MATHEMATICAL GAME PIECES 

and HARD BUT NOT TOO HARD. Both these patterns stem from two beliefs: first, that the origins of 

mathematical thinking are in a fundamental human desire to identify patterns in the world and 

explain them, and second, that the role of education is to nourish and guide this desire. 

Above all, these patterns demonstrate the immense complexity of designing for learning. This 

complexity calls for further efforts towards identifying methodical frameworks for describing, 

aggregating and mapping design knowledge. The prime example of this complexity is the GUESS MY X 

pattern. At first, guess my robot may seem a simple game with surprising effects. The detailed 

analysis embodied in the GUESS MY X pattern, along with its ‘ancestor’ patterns – such as CHALLENGE 

EXCHANGE and BUILD THIS, suggests that the game’s success is not a happenstance, but rather a result 

of an intricate assemblage of multiple design elements relating to the tools, the activity and the 

ways in which they interact. 


