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Chapter 7 Design Narratives 

This chapter responds to Aim 3 identified in Chapter three: to apply the methodology in the problem 

domain and demonstrate its potential by producing a contribution towards a pattern language for 

technology enhanced mathematics education. This chapter presents a series of design narratives, as 

a first tier of interpretation of the empirical work. These narratives are the basis for the design 

patterns in Chapter 8, but also provide direct insights into the practice of techno-pedagogic design. 

7.1 Introduction 

The design narratives presented in this chapter form the main bulk of empirical content in this 

thesis. As discussed in Chapter four, these design narratives are the first tier of interpretation, not 

the data itself. In their construction, I drew on the sources listed in Appendix II. Each narrative 

recounts a particular incident, where this incident could span a single session, a few weeks or a few 

months. Some of the narratives overlap and some zoom in on a particular aspect of others. A design 

narrative is defined by a single problem to be solved or task to be accomplished. The design 

narratives included here are of two types: researcher narratives (RNs) and learner narratives (LNs). 

RNs recount a pedagogical problem and its resolution from the researcher’s point of view. They are 

first person accounts of my experience and observations, in the course of a design experiment. In 

most cases, the focus is on the design and development of activities, social practices and supporting 

technology. These elements are seen as a unit, under the socio-technical stance that these are 

inseparable and any partial description would be meaningless for our purpose. 

LNs follow the learner as a designer, contending with a problem encountered by a learner in the 

context of one of an activity, their use of the resources provided in confronting this problem, and the 

indications of their learning gains in the process. These are third person accounts based on the 

learners’ written and verbal articulations and my observations. The two types of narratives are 

interdependent; the problems encountered by learners and their resolution are the drivers of their 

learning trajectory. The researcher’s problem, from a bird’s eye view, is to provide learners with an 

effective set of problems and the means for resolving them, so as to direct their learning trajectory. 

Thus, the LNs illuminate and substantiate the RNs.  

The RNs and LNs are organised in four groups. The first three each cover one activity over three 

years, the last focuses on the design of the technological infrastructure to support the three 

activities.  

All design narratives (both RNs and LNs) share a common structure, as described in Table 1. Chapter 

four described narrative as an account of “something happening to someone under some 

circumstances”. From that perspective, a design narrative is an account of someone confronting a 

design challenge under some circumstances. Following the identification of design narratives as a 

vehicle for design knowledge, Chapter four outlined several requirements for them to qualify as 

scientific instruments. The primary purpose of the common structure used here is to provide a 

checklist for those requirements. Inter alia, this structure should also improve the readability of the 

narratives by signposting their constituents. 
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Component Description 

Overview Brief summary of the situation, task and main outcomes.  

Sources List of data sources consulted in the composition of this narrative. 

Situation The circumstances in which this narrative is situated, in terms of time, place, 

environment and participants. 

Task The objectives that the designers set to achieve or the problem to solve. 

Actions The sequence of actions the designed took in order to address the task. 

Results The actual effects of the designer’s action, as demonstrated by evidence. 

Reflections Lessons and questions derived from the narrative. 

Table 1: common structure of design narratives 

 

 

  



Chapter 7: Design Narratives  4 

7.2 Basic Sequence Activities 

7.2.1 RN 1: Streams – tools and activities 

Overview 

This RN recounts the first two iterations of designing activities in the domain of number sequence, 

from the initial prototyping during the first year of the WebLabs project, through preliminary 

classroom trials and preparation for the second year. The initial experiment with computing π 

prompted the use of the STREAMS
1
 design pattern as a useful metaphor for exploring number 

sequences. Although the computing π activity was never realised, STREAMS proved to be useful for a 

range of other activities. 

Sources 

WR1, D3.2.1, WR2, Monkeys 

Situation 

This narrative covers the period of autumn to spring, 2002. The first part of the work described here 

was mainly desk research, done at the WebLabs office. The initial experiments were conducted with 

two to six children (group I), age 10 and 11, either at the WebLabs office or at a north London CLC. 

Task 

Identify learning challenges in the domain of numbers sequences, and devise tools and activities 

which will lead learners to engage with these challenges in a meaningful and educationally effective 

manner. 

Actions 

In fall 2002 I began preliminary prototyping (“iteration 0”) of activities in the domain of number 

sequences. The motivation for these activities was to use number sequences as an entry path into 

issues of cardinality and randomness. For example, cardinality could be introduced by comparing the 

length of the sequence of natural numbers to that of the odd numbers, and randomness by 

searching for patterns in a random sequence. 

As a first activity to experiment with, I chose constructions of the number π.  The idea was to start 

the activity with guided programming of the classic formula (the Madhava–Leibniz series): 

π  = 4*(1 - 1/3 + 1/5 - 1/7 + . . .) 

                                                           

1
 I use STREAMS to refer to the software design pattern, and stream or streams to refer to concrete objects 

implementing it. 
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And then challenge the students to search for “better” formulas and progra

for this theme was to approach the topic of converging series from an unconventional angle: 

through a particular series that was designed to converge to a desired value.  From here we could 

branch off to many other activities, e.g., 

to provide learners with tools and instructions for implementing th

first step, I set out to implement it in ToonTalk myself. This task proved more onerous than I 

expected, by and large due to my inexperience in ToonTalk.

I decided to share the robot I constructed, and the difficulties I encountered, with my colleagues 

using an initial prototype of the WebReports system. 

report was to elicit feedback from more experienced peers, as part of my own learning process. An 

expected side benefit was to gain 

WebLabs participants. Figure 1 shows the 

Figure 1: π robot, as embedded in the WebReport (WR1)

Dr. Ken Kahn commented on the report, suggesting a different

systolic programming in concurrent Prolog (Shapiro, 1985). The essence of this solution was to break 

down the problem into simple, modular tasks performed in parallel by independent robots (or teams 

of robots). I identified this as an 

from Java programming. The discussion that followed among the researchers, via comments on the 

report, highlighted the potential of this approach in enabling learners to see and manipulate a 

sequence as a whole rather than focusing on term

STREAMS as a central metaphor, 

properties of ToonTalk made is highly adapt to 

Concurrency: ToonTalk r

independently. This means that while one team is producing a stream of numbers, another 

can modulate it and a third can consume it. This is in contrast to most languages which are 

sequential, and would need a mechanism of passing control from one process to another.

Constraint-driven:  ToonTalk robots repeat the actions they were trained to do as long as 

their constraints are met. This means that a robot trained to produce or consume a single 

item will by default do the same for an infinite stream, until forcefully stopped. This is in 

contrast with other languages, where loops or recursions need to be coded explicitly.
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My intention was to provide learners with a toolkit of components for streams of numbers and 

characters, and a set of activities using these to explore the selected mathematical themes. 

Examples tools included: 

• Constant number stream generator: generates the same number over and over again. 

• Function filter: applies the same function to a stream of incoming numbers and sends out 

the stream of results. 

• Add-up: receive a stream of numbers and output the stream of their partial sums. 

• Random character generator: initialised with a box of characters, repeatedly select a 

character from the box at random and copy it to the output stream. 

• Graph display: receive a stream of numbers and display its terms on a bar graph. 

Example activities included: 

• Generate the natural numbers using the Constant and Add-up tools. 

• Generate the odd / even numbers 

• Find your name in a random character stream 

Experimenting with this design revealed two shortcomings. The first was a limitation of ToonTalk, 

which for various technical reasons made a clean and simple implementation of this design hard to 

achieve. The second issue was epistemic: subjects in preliminary trials found the ready-made 

components hard to understand. 

After considering various forms of implementation, I realised that the most straightforward way to 

ensure that students understand the working of the tools was to let them construct them from 

scratch. Instead of providing coded components, I provided the design pattern for coding them. This 

was done by setting a task, allowing students to discover the naïve solution, analysing that solution 

for its deficiencies, and then introducing STREAMS as a superior method of solution.  

Results 

The initial idea of computing π served as a motivation for my explorations, but as these led me in 

different directions this idea never materialised. Although I did implement the algorithm, the result 

was unusable due to problems with ToonTalk’s representation of large numbers. A discussion of 

these problems with the project team eventually led to innovations in ToonTalk’s design (Kahn, 

2004), which provided a satisfactory solution. Yet by that time I had moved on to a different design 

of activities. 

The main outcome of the computing π design was the identification of STREAMS as a central 

metaphor for number-sequence activities. However, my first attempts at implementing STREAMS in 

ToonTalk, and designing a set of activities using it, resulted in failure. Creating prototypes of the 

sequence/stream tools was simple enough. The difficulties arose when I tried to convert these into 

ToonTalk “anima-gadgets”: components where the code is hidden behind a visual icon or animation. 

The visual front-end is as an intuitive interface for invoking the gadgets’ functionality and combining 

it with other gadgets. This requirement raised a plethora of technical obstacles. Hiding the robots 

behind an icon made it hard to control their execution. Providing a visual interface for connecting 
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components required sophisticated and complex ToonTalk programming, which made the code 

unintuitive for learners to disassemble, thus hindering the possibility of “tinkering” with the code.  

While these technical challenges were surmountable, their resolution prompted a new set of 

obstacles in terms of activity design. Initial trials indicated that although learners found each 

individual tool simple enough, they struggled with constructing ensembles or interpreting the output 

from such constructions. The difficulties were both technical and conceptual. The conceptual 

challenge of understanding the underlying mathematical structure was compounded by the lack of 

programming skills. As a result, the activities gravitated towards simulation rather than construction: 

learners were instructed to assemble specific parts in a specific manner, observe the outcome and 

interpret it. Such activities failed to excite the learners, and did not seem to offer a valuable learning 

experience.  

Acknowledgment of these issues led to a change of design strategy: instead of providing learners 

with ready-made tools, I should provide them with the design knowledge to create their own tools. 

However, at first this approach failed as well and was almost abandoned. Careful examination 

revealed that the fault was an issue of usability and interface design rather than techno-pedagogical 

design (see RN 6: Eager Robots).  

Reflections 

The apparent outcome of my initial attempts was a series of failures, concluding with a very partial 

success. Arguably, these failures paved the way for later successes, as described in the following 

design narratives. Yet in retrospect, the question of their inevitability presents itself. By and large 

these failures were part of my learning trajectory: I had extensive experience in programming and 

modest experience teaching, but no previous knowledge of ToonTalk and no record of teaching 

middle school mathematics. My inexperience with ToonTalk led me to “program with an accent”: 

forcing my habits from other languages on an environment where they were ineffective. On the 

other hand, it also allowed me to bring a fresh view and stretch the boundaries of the language. My 

explorations in ToonTalk were driven by a naïve design of activities. Only after I learnt to “think in 

ToonTalk” could I identify pedagogically effective designs. 

Section XX noted the tension between potential and actual infinity, while section XX related it, and 

other difficulties students have with number sequences, to the process-object duality of sequences. 

The idea of representing number sequences as streams emerged as a response to these issues, 

drawing on the observations in XX which highlighted the recursive nature of the intuitive conception 

of sequences.  

Any manifestation of infinity in a computational medium is inevitably potential, since the computer’s 

memory and processing power is finite. The STREAMS pattern is as close as possible to this intuitive 

concept of infinity; it will continue providing terms indefinitely until it is interrupted. It can also 

possibly provide a bridge towards the conception of actual infinity: since it is not possible to count 

the length of a stream (as is possible with lists), the stream object itself represents all terms of the 

sequence – ad infinitum. Again, the power of STREAMS is not in the representation of any specific 

infinite process – but in the possibility of combining and manipulating infinite processes. 
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Although the implementation of STREAMS in the activities above utilized specific features of ToonTalk, 

there is nothing about STREAMS inherently specific to ToonTalk. All these activity designs could be 

implemented in a variety of languages with minor variations. In fact, in order to make the most 

effective use of Streams for exploring sequences, it would perhaps be best to develop a new 

language, which would allow learners to construct streams by manipulation of visual 

representations. The message is in the design pattern of streams as a method of representing 

number sequences, and in its notable educational value, not in the details of implementation in a 

specific environment. This value is derived from its affinity to intuitive conceptions, and from its 

affordance for decomposing complex processes. 

Three observations present themselves when considering this design narrative; the fluidity of design, 

the parallels between my research and participants’ learning, and a broader interpretation of “tools 

for learning”. 

The fluidity of design refers to the shift in the nature of activities and tools from inception to 

implementation. None of the original plans were realised, yet the overall aim remained constant and 

in the end was satisfied. Even the final set of tools and activities was fluid: it was a subset of a 

broader range of options, dictated partially by coincidental circumstances. Consequently, it was the 

patterns and principles that emerged as a sustainable outcome from the experiment, not the 

concrete designs. 

The parallels between my research process and the learning trajectory of the participants in the 

study appear in both directions. I had used the tools and social practices designed for learners to 

support my enquiry, and then guided them in conducting their own miniature design study. In itself, 

the link between normative and genetic epistemology is not new; many educational initiatives aim 

to direct learners to act and think as “young scientists”. Yet this common approach assumes that we, 

as scientists, know the proper way of constructing knowledge and the best children can do is to 

imitate us. What emerges here is that the new possibilities afforded by technology change both the 

genetic and the normative epistemology, and both should evolve in tandem.  

Finally, in line with the tradition of constructionism I tried to provide learners with a microworld for 

learning: a compact environment, populated with selected tools, carefully designed so that through 

using them in exploratory activities learners will engage with complex concepts. In the end, the tools 

I provided were not the gadgets I had planned to construct, but the design patterns by which 

learners could construct their own. This suggests yet another parallel between my mode of research 

and the learners’ practices, which needs to be explored further: can patterns reduce cognitive load 

and task complexity for researchers and learners alike? 
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7.2.2 RN 2: Final Form of Basic Sequences Activities 

Overview 

In their final form, the basic sequences activities combined construction, guided exploration and 

discussion, utilising STREAMS and the webreports system to facilitate learning of complex concepts 

related to number sequences. 

Sources 

D8.2.1_8.3.1_Sequences, AppG_Sequences(Yishay).v2.02-03, sequences_yishay02-03, WR3, WR4, 

WR5, WR6 

Situation 

This narrative recounts iterations 2 and 3 of the design experiment, during autumn 2003 to Spring 

2005. It involved approximately 25 children in two sites in London (groups II, III, and IV). Groups II 

and IV as extra-curricular activity, and group III in lieu of their ICT class. 

Task 

Design a set of activities using STREAMS by which learners would: 

1. Develop a non-algebraic language for describing, discussing and reasoning about polynomial 

(and maybe some non-polynomial) sequences.  

2. Develop an understanding of:  

a. The generation of number sequences,  

b. The rules that sequences rely on and  

c. How sequence generation relates to the ToonTalk environment (robots, birds, etc).  

3. Gain some insight into the relationship between the structure of the programming 

constructs (e.g. the number of chained robots) and the type and complexity of the 

corresponding sequence.  

4. Engage in a semi-structured discourse about the structure and qualities of numeric 

sequences in order to develop students' ability to make conjectures, suggest more than one 

solution to a problem, evaluate arguments and reason.  

Design and develop the necessary resources to support these activities. 

Actions 

In 2003 I formulated a stable design of a sequence of activities aimed at establishing basic 

competencies required for exploring number sequences using the WebLabs infrastructure. The first 

tier of competencies included the programming skills for modelling sequences as number streams in 

ToonTalk, the use of the WebReports system as an individual and collaborative work area. These 

provided a basis for sequence manipulation and analysis skills and socio-mathematical norms. 



Chapter 7: Design Narratives 

Drawing on my analysis of the results from iterations 0 and 1 I minimised the set of 

components, and instead focused on a path by which 

constructed an Add 1 robot –

adding 1 to a number in a box (Figure 

Figure 2: Add 1 robot: repeatedly add 1 to the value in the box

This solution is trivial to implement, but raises the problem of transience 

computation is overwritten by the next. This problem serves as a motivation for introducing 

(albeit not by name): learners train a new robot, c

the computation variable, and one for a bird. The bird is used to carry a copy of the results, so that 

these can be observed, recorded and manipulated. 

Once learners completed this task, they published their ro

with a template which prompted them to describe the robot and their experience in constructing it, 

and identify the range of sequences it can produce. 

store of work in progress and as a means of sharing findings. 

Add-up robot which received the stream of numbers from the first robot and outputs the stream of 

partial sums (Figure 3).  

Figure 3:Add a num robot produces stream of natural numebers, Add up robot 
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stream and produces a stream of their partial sums 

This task was also supported by a template, but this time the template included a ToonTalk box with 

a partially assembled robot and task instructions (Figure 4). This box helped learners in the transition 

between environments and reduced the work they needed to do which was not directly related to 

the mathematical learning aims. 

 

Figure 4: Add-a-num task box, containing partially trained robot and instructions. 

After I tested these activities in 2003, they were also adopted by teachers in Portugal, Cyprus and 

Bulgaria. Several of my colleagues in the UK and abroad used them as a prologue for other activities 

on topics such as function graphs (Simpson et al, 2005), the Fibonacci sequence (Mousoulides and 

Philippou, 2005), and cardinality (Kahn et al, 2005).  

In 2004 I augmented the Add-a-Num and Add-up activities with two assessment tasks and 

published teacher guidance notes. Most of my efforts that year were directed to understanding the 

impact these tools and activities have on participants learning trajectories. 

Results 

The potential of STREAMS as a tool for learning about number sequences is demonstrated by 

students’ ability to deconstruct complex processes and distinguish process, parameters and product, 

in the complexity of sequences they created and analysed and in the language they developed for 

discussing sequences (see Appendix NN).  

The extensive adoption of the specific design of activities, tools and resources (templates, teacher 

guides, programming aides) testifies to their effectiveness. 

These activities served as a basis for the Guess my Robot and Convergence activities, reported in 

sections 7.3 and 7.4. I will therefore allow the results of those activities to reflect back on this one, 

rather than providing more direct evidence at this point. 

Packaging tasks in ToonTalk boxes proved to be highly effective in streamlining activity flow. It also 

evolved into a powerful communicational convention. It set a standard for programming, packaging 

and publishing ToonTalk models, such that students could learn by example, avoiding the need for 

us to articulate conventions explicitly. Figure 5 shows Luminardi’s Add-a-number robot, as he had 

published it in his report. Appropriating for his needs the scheme introduced in the active 

worksheet, he replaced box labels to describe how his tool should be used.  Establishing such 
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conventions as norms was crucial to the facilitation of communication in later phases.  It ensured 

that models shared by one student would be readable by another. Furthermore, they were 

important, even from an individual perspective, as they allowed students to easily revisit work they 

had done, reuse tools they had constructed or reflect on the evolution of their ideas. 

Figure 5: Luminardi’s add a number robot

While these norms emerged at the level of programming style, they evolved into a standard of 

mathematical discourse. Students quickly got into the habit of attaching written descriptions to their 

models, labelled ‘description’ or ‘read this’. Superpat313 published his robot

Figure 6).  He followed the same convention (from the description in the leftmost hole to the nest in 

the rightmost).  In contrast to Luminardi’

he was more focused on presentations (‘what I did’, ‘my trained robot’) than on usage.

Figure 6: Superpat313’s add a number robot and its description

As expected, most of the descriptions by students were procedural.  Nevertheless, they constitute a 

first step towards students’ reflective articulation of their work.  For example, students used the box 

we provided as a package for the task to package the

adopted the programming conventions we set without us having to impose them explicitly.  

Students appropriated the packaging scheme to their needs 

box cells (holes in ToonTalk ter

aesthetics. For example, it standardized the use of 

reflective text to their model. Putting their ToonTalk constructions in a box helped learners 

transform them from objects to play with to objects to think with (Papert, 1980; Turkle & Papert, 

1992) and, along the social dimension of learning, to 

Reflections 

Several factors suggest that the design of tools and activities was pedagogic

effective; the engagement and enthusiasm of students, their ability to confront complex 

mathematical concepts, the adoption of this design by my colleagues as a basis for other activities. 

This success seems to stem from a careful comb

environments, making optimal use of their features. Yet almost no fundamental element of design 

relies on any specific feature of ToonTalk or WebLabs. Had I replaced either one of these tools, the 

technical details of implementation would change 
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we provided as a package for the task to package their completed models.  By doing so, they 

adopted the programming conventions we set without us having to impose them explicitly.  

Students appropriated the packaging scheme to their needs – changing the box labels and adding 

box cells (holes in ToonTalk terminology) as needed.  This packaging convention goes beyond 

aesthetics. For example, it standardized the use of STREAMS, and prompted students to attach a 

reflective text to their model. Putting their ToonTalk constructions in a box helped learners 

rm them from objects to play with to objects to think with (Papert, 1980; Turkle & Papert, 

1992) and, along the social dimension of learning, to objects to talk with. 

Several factors suggest that the design of tools and activities was pedagogic

effective; the engagement and enthusiasm of students, their ability to confront complex 

mathematical concepts, the adoption of this design by my colleagues as a basis for other activities. 

This success seems to stem from a careful combination of the ToonTalk and WebReports 

environments, making optimal use of their features. Yet almost no fundamental element of design 

relies on any specific feature of ToonTalk or WebLabs. Had I replaced either one of these tools, the 

implementation would change – but not its pedagogical core. This does not mean 

12 

conventions as norms was crucial to the facilitation of communication in later phases.  It ensured 

that models shared by one student would be readable by another. Furthermore, they were 

individual perspective, as they allowed students to easily revisit work they 

had done, reuse tools they had constructed or reflect on the evolution of their ideas.  

emerged at the level of programming style, they evolved into a standard of 

mathematical discourse. Students quickly got into the habit of attaching written descriptions to their 

in a similar way (see 
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reflective text to their model. Putting their ToonTalk constructions in a box helped learners 

rm them from objects to play with to objects to think with (Papert, 1980; Turkle & Papert, 

Several factors suggest that the design of tools and activities was pedagogically and technically 

effective; the engagement and enthusiasm of students, their ability to confront complex 

mathematical concepts, the adoption of this design by my colleagues as a basis for other activities. 

ination of the ToonTalk and WebReports 

environments, making optimal use of their features. Yet almost no fundamental element of design 

relies on any specific feature of ToonTalk or WebLabs. Had I replaced either one of these tools, the 

but not its pedagogical core. This does not mean 
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to suggest that any arbitrary tool would work, but that any tool which satisfies certain requirements 

could work. A rigorous examination of the transferable factors of success is the focus of Chapter 

eight.  
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7.3 Guess My Robot 

7.3.1 RN 3: Guess My Robot 

Overview 

Guess my Robot (GmR) is a game in which players exchange number sequence challenges encoded 

as ToonTalk robots. It was conceived as a short recreational interlude between “serious” activities, 

but emerged as a pivotal element of the number sequence activities in six sites and four countries.  

Sources 

D8.2.1_8.3.1_Sequences, AppG_Sequences(Yishay).v2.02-03, sequences_yishay02-03, WR3, GmR1, 

GmR2, GmR3, GmR4, GmR-PS, EB2.3 

Situation 

This activity has been tested over 3 consecutive years, in 6 sites and 4 countries. The first experiment 

in 2002/3 included 8 students in London and Sofia. In 2003/4 the experiment expanded to 33 

students from 6 sites (in different European countries), 15 girls and 18 boys, ages 10 (2), 11 (10), 12 

(16), 13 (2) and 14 (3). Most of the data were collected from this iteration. The last iteration in 

2004/5 involved 10 boys in London, age 13, and 5 children in Cyprus (age and gender unknown). 

Task 

To engages students in an activity which would provoke them to: 

• Develop a shared mathematical (not necessarily algebraic) language for describing, 

discussing and reasoning about sequences. 

• Gain a proficiency in manipulating mathematical tools to generate and analyze sequences. 

• Acknowledge the duality of a sequence as a structure and a process. 

• Confront fundamental issues of mathematical argumentation – conjecture, hypothesis 

testing, proof and equivalence. 

To provide the tools and resources required for such an activity to be conducted simultaneously 

across several remote sites. 

Actions 

GmR is a game of number sequences. Players exchange challenges of number sequences coded as 

ToonTalk robots. Each player can participate as a proposer or as a responder (or both). A proposer 

trains a robot to generate a numerical sequence, and then publishes its first few terms as a ToonTalk 

“box” in a webreport. A responder downloads the proposer’s box from the webreport, and tries to 

reconstruct the robot that produced it. If successful, the responder posts a comment on the 

proposer’s webreport, with the solution robot. The proposer then confirms or refutes the solution. 

At this point the players can engage in a discussion regarding the challenge and its solution, or move 

on to the next challenge. 
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Guess my Robot was first played between children in four London and four in Sofia in autumn 2002. 

First, each group played a paper version of the game. Next, they played it within the group using 

ToonTalk robots. Finally, they used the WebReports system to exchange challenges between sites. 

At that time, the WebReports system was at its second prototype, which was essentially a 

customised Wiki. Proposers created their personal game pages, and attached their challenge using 

the wiki’s standard mechanism. Responders attached their response robot, and edited the page to 

add their comments behind the challenge text. Figure 7 shows an example game page, with a 

challenge from a challenge from Tedi in Sofia, a response from Ozzy in London, and a brief follow-up 

discussion.  

 

Figure 7: Tedi's GmR page, using the 2
nd

 prototype of the WebReports system 

In the original specification, GmR was listed as one out of eight activities. The initial trial indicated 

that it had a greater potential than expected, yet at the same time that it required sustained 

interaction to realise this potential. Consequently, I decided to expand this activity in subsequent 

years – both in terms of the time dedicated to it and in terms of the number of participants. This 

decision had two implications: first, that other activities would be deferred, and second that the 

WebReports interface would need to adapt to the needs of Guess my Robot. 

Giving more weight to GmR led to an overall path of activities as described in Figure 8. This path 

begins with the Add-a-Num and Add-up activities described in Section 7.2, follows through the 

GmR game, a collaborative reflective report, and an assessment task (Small Change challenge). It 
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then branches to various advanced activities, such as the Fibonacci sequence, designed by my 

colleagues (Mousoulides and Philippou, 2005) and Convergence and Divergence, described in 

Section 7.4. 

 

Figure 8: Number Sequences activities path. 

Aiming for broader participation called for bespoke interface features. The flexibility of the Wiki had 

allowed me to respond immediately to observations by adjusting the game design. Yet this flexibility 

also implied that the game relied on players’ compliance with conventions and technical abilities, 

and on my close monitoring of these. All these assumptions seemed unjustified with a larger 

audience. As part of the shift to the stable version of the WebLabs platform, two features were 

designed to support GmR: a template mechanism, and streamlined embedding of ToonTalk objects. 

Both are described in Section 7.5.1. Using these features, I created the GmR template shown in 

Figure 9, which proposers would use to post their challenge. 



Chapter 7: Design Narratives  17 

 

Figure 9: The Guess my Robot template directed students to post their challenges in a 

common form. 

The game was managed by a central game page, created each year, which would link to a page 

listing the rules of the game, and link to active proposers challenge pages. Figure 10 shows a typical 

challenge page, and Figure 11 shows a response posted to that challenge. 

 

Figure 10: Example of Guess my Robot challenge. Barbara posted her challenge using the 

template 
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Figure 11: Example of Guess my Robot response. Rita responded to Barbara’s challenge 

above with a robot she programmed to generate the same sequence. 

Results 

The guess my robot activity served as a model for other activities designed and conducted by 

colleagues Michelle Cerulli and Gordon Simpson in the domain of function graphs (Simpson, Hoyles 

and Noss, 2006) and randomness (Cerulli, Chioccariello and Lemut, 2007).  

An analysis of the challenges and responses posted by students in 2003/2004 reveals a trend 

towards more difficult or complex sequences, with a concurrent trend away from sequences that 

they found too hard to solve. It also suggests convergence to a common game culture, including a 

close compliance with the rules of the game and emergent programming conventions. This analysis 

focused on the mathematical structure of GmR challenges with respect to length and character of 

engagement. I collected 45 challenge pages from participants in seven groups across four countries. 

Challenges where coded by the type of sequence, adherence to the rules of the game, and number 

of responses. 

I identified seven dominant classes of sequences proposed by students. Three of these classes are 

familiar from the standard school setting: the trivial sequence, i.e. the natural numbers; arithmetic 

and geometric progression. The remaining four were considerably more complex than the structures 

most students encounter at school. Table 2 lists the seven classes, with examples, and respective 

numbers of challenges and responses.  

 description 

(A) 

challenges 

(B) 

responded 

(C) 

responses 

(D) 

C/B D/B 
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Trivial e.g. 1, 2, 3, 4 2 0 0 0.0 0.0 

arithmetic an = an-1 +p 3 2 4 0.7 1.3 

geometric an = an-1*q 6 4 9 0.7 1.5 

combined an = an-1*q +p 12 6 12 0.5 1.0 

interleave an =  bn, an-1 = Cn 6 3 4 0.5 0.7 

compound 

a sequence built as a 

function of another 

sequence 4 2 4 0.5 1.0 

complex 

multiple operations, 

cannot be reduced to 

any other category 1 0 0 0 0 

unknown 

could not uncover 

sequence rule. 11 0 0 0 0 

              

total   45 17 33     

Table 2: Summary of challenges and responses. Column C refers to the number of challenges 

in a class which received at least one response, and column D counts the overall number of 

responses. The last two columns note the number of responses normalized to the overall 

number of challenges in that class. The values were highlighted to expose the most significant 

values, where gold denotes the highest value, and blue and green the runners-up. 

Notably, when modelling sequences of their choice, the more complex classes were the more 

popular among students. Furthermore, as demonstrated by Error! Reference source not found. this 

tendency towards complexity appeared to increase over time. 
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Figure 12: challenge types over time 

In an attempt to quantify this impression, I devised two rough estimates of sequences’ 

computational difficulty and perceived complexity. This analysis showed that most challenges were 

in the mid-range of complexity, and (in a slightly less profound manner) difficulty. This observation 

was amplified when tracked over time (Error! Reference source not found.). The number of 

challenges in the low-difficulty range (ranked under 3) drops to zero, whereas the mid- and high- 

ranges show significant growth, with the strongest and most persistent trend in the former. 

 

Figure 13: difficulty of challenges over time 

There were 12 cases in which the same student posted a second or third challenge. In eight of these 

the subsequent challenge was more complex than the first, and in one case the student shifted from 
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an unknown type (i.e. challenge no one could solve) to one of the advanced types. Given the small 

sample size, this evidence should be taken with some reserve. 

To summarise, students developed a culture of posting challenges which were “hard but not too 

hard”, i.e. would demand an effort to solve, yet that effort was likely to be rewarding. Within these 

boundaries, the mathematical level of challenges posed and solved exceeded the school standards 

for this age. 

Reflections 

To a large extent, the success of GmR game can be attributed to the structure of the activity, which 

encouraged students to formalize their intuitive view, rather than try to ignore their intuitions and 

replace them by unrelated knowledge. The evidence suggests that the intuitive view is primarily 

recursive in form (Mor et al, 2006). Students define sequences as a function from one term to the 

next (an = f(an-1)) rather than the “school maths” view of a sequence as a function of the natural 

numbers (an = f(n)). By acknowledging this preference and building on it, students were given 

freedom to develop their own formalizations and understandings, allowing them to engage with 

mathematical structures far more complex than they would in their regular curriculum. 

GmR was also successful in engendering mathematical discourse, and engaging participants with 

sophisticated notions of equivalence and proof, as demonstrated in the following LNs. 

Even when mathematical ideas are meticulously embedded in an activity, there is a risk that 

students might remember the fun of the activity and “miss the maths”. In order to structure and 

reify knowledge, students need to reflect on their actions and experiences. The mathematical ideas 

need to be made explicit and transformed from the intuitive realm to the consciously articulated. 

This realization motivated the design pattern of post ludus discussion: upon completing this activity, 

students convened to report on their experiences and what they had learnt from them. The 

proclaimed aim of this discussion was to produce a consensus webreport, an account of the activity 

and its consequences undersigned by all team members. This discussion started off from activity 

narratives, but eventually shifts focus to the mathematical issues. The discussion also provided 

motivating questions for future activities.  



Chapter 7: Design Narratives  22 

7.3.2 LN 1: Rita’s GmR 

Overview 

The main protagonist in this narrative is Rita, a 14 year old girl from Lisbon, and her interactions with 

peers in Sofia and Nicosia and with researchers in London, through her participation in the GmR 

game. 

Sources 

GmR1, GmR3, GmR5 

Situation 

This narrative follows the interactions between two groups of students playing the “Guess my 

Robot” game, one in Sofia and the other near Lisbon. The Sofia group consists of 6 boys and girls, 

aged 11-12, working with WebLabs researchers. They have been working with ToonTalk for several 

months, approximately once a week for a couple of hours. The second group is from a village south 

of Lisbon. Paula, a teacher and researcher in the WebLabs team, worked with a school group (aged 

12-13) there during the first project year.  Researchers in both groups act as teachers, guiding the 

students through the mathematical ideas as well as through the programming skills. At the same 

time, the researchers facilitate interactions, by pointing children to interesting peer reports and 

helping them to add a few words in English to their own reports.  

Task 

Rita found the 'guess my robot' activity, and decided to pose her own challenge. As the responses to 

her challenge appeared, she engaged in dialogue with her peers, and her aims shifted from the overt 

definition of the game to an attempt to provide formal proof for the mathematical equivalence of 

two robots. 

Actions  

Rita entered the GmR game by posting the sequence (see Figure 14): 2, 16, 72, 296, 1192 … 
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Figure 14: Rita's “Guess My Robot” challenge 

A few days later, the Sofia WebLabs group held a session, and some of the students tried solving 

Rita’s challenge. Nasko, a 12 year-old boy, posted his response. He had built a robot that produced 

Rita's five terms, but also realised that the same robot could be used to generate other sequences by 

changing its initial inputs. He appended one such sequence to his response, along with a two-part 

challenge for Rita: 

1. What is the input of my robot? 

2. Can your robot generate it? 

When Rita came to her next session she was very excited to find comments on her page – and from 

children on the other side of Europe. Having examined Nasko’s solution, she responded to his 

comment: 

Congratulations, you found a solution for my sequence! But you used a different procedure 

of mine. 

…and included her original robot. Next, she considered Nasko’s dual challenge, and posted her 

response to it: 

 

Figure 15: Rita's response to Nasko's dual challenge 

Rita received a second response to her challenge from Ivan. She congratulated his solution, but 

added: 

If you use one bird with a nest you can get all the terms of the sequence and not only the last. 

Moreover, if you make like that it was more easy, for me, to understand which of the 

numbers produced for robot are the terms of sequence. You can try make that? 

At this point, the researchers from London posted a comment, asking Rita, Nasko and Ivan to explain 

how they constructed their challenges and how they worked out the solutions. To this, Rita 

responded: 
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I try explain 

To create my sequence I thought thus: My first term is 2 and each one of the other terms is 

gotten of the previous one adding 2 and multiplying 4 to the result. 

I created a box with 4 holes. In the first hole I put the first term (2), in  the second hole I put 

the number that  I wanted to add (2), in the third hole I  put the number that I wanted to 

multiply (x4) and in the fourth hole I put a bird. I gave the box to the robot and I went in to 

the robot thought. 

In the robot  thought [ym: box], I copied with magic wand the first 2 and gave to the bird, I 

copied with magic wand the second 2 and put in the first hole, I copied with magic wand x4 

and put in the first hole. I Clicked in Esc and I left the robot thought. 

I cleaned the first number of the robot thought box and I tested my robot... And my sequence 

born... 

 For the Nasko challenge I thought thus: 

 In the Nasko's task to my sequence he used 2 like first term, 14 is the number that he used 

for add a 2, and to get the second term (16), and for to multiply 4 .Then, I think to the 

Nasko's sequence the first number of the task it has that to be  9.5 because is the first term of 

him sequence, the second number of the task it has a number that he add to 9.5 for to get 14 

(second term), this number is 4.5. 

In my sequence he use the x4 for to get the third term (16 + 14 x 4), then in him sequence I 

think this: 14 + 4,5 "I don't know what" it has that to be 16.25 or 4,5 "I don't know what" it 

has that to be 2.25. But 2.25 is half of 4.5, then in third hole of the task I need to put /2. 

After that I tested this task in Nasko's robot and it works. 

The London researchers followed with a new question: “We think your robots will generate the same 

sequence forever, but how can we be sure?” Rita responded to this in the spirit of the GmR 

challenges: she constructed a robot that accepts two streams of numbers, and outputs the stream of 

term-by-term differences. She posted this robot, and noted: 

… the difference's robot make the difference between the same terms of the two sequences. 

That new sequence is a zero's sequence, that show to us that the Rita's robot and the Nasko's 

robot make the same sequence.  

If we made the same of Rita's sequence and Ivan's sequence we get the same result. 

This led us (Rita and myself) to a discussion regarding the validity of this construction as a proof of 

the robots equivalence. At some point, Rita argued: 
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I think not! [ym: this robot is not a proof] And I hope that some mathematician has 

demonstrate that. It isn't any reason for the 100 001 term will be different if the 100 000 

previous terms were equals. 

In Sofia, this thread of conversation was the motivation for a classroom discussion in which the 

teachers introduced the formal algebraic analysis of the sequences, and a proof of the robot’s 

equivalence. This discussion was captured by the Sofia team, and shared through the comments on 

Rita’s challenge. A couple of weeks later, Rita received another response, this time from Cyprus. 

After congratulating them on their solution, Rita notes: 

I can prove that my sequence and your sequence are equal with the process of algebraic 

representation used by Sofia group. 

Rita's sequence: 

A1 = 2 

An+1 = ( An + 2 ) x 4,  

but if I using the distributive property of the multiplication relatively to the addition I can 

write that: 

A1 = 2 

An+1 =  An x 4 + 8 

that is the algebraic representation of the Cyprus's sequence. then I can prove that two 

sequences are equal. 

Results 

The webreports system allowed learners to comment on any page using a free-form WYSIWYG 

editor. This allowed them to express their mathematical ideas in a personal narrative, as well as the 

path by which they arrived at these ideas. Using this feature, learners expressed and developed 

arguments which they could not yet formalize, and shared their learning process. 

Through their participation in the game, and in the discussions provoked by researchers’ questions, 

Rita and her peers gradually shift from an intuitive grasp of mathematical concepts, expressed in 

narrative form, to a structured mathematical understanding expressed in algebraic formalism. The 

link between the two is provided by the coded representation in ToonTalk, which retains intuition 

and at the same time enforces formalism. 

ToonTalk objects are seamlessly woven into the learners’ discourse, using the embedding features of 

the WebReports system. 

The mathematical structures and arguments exchanged between participants are well beyond the 

level common in their school classes. 
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Reflections 

This narrative demonstrates the potential of the GmR game. It illustrates how the design of the 

game, and the environment that supports it, contributed to participants’ learning trajectories. The 

narrative is representative and singular at once: each element highlighted by this story can find 

parallels in many of the other game instances, yet few – if any – other examples manage to capture 

so vividly all these elements together. 

Rita and her responders demonstrated construction and analysis of complex mathematical 

structures. Very quickly they learn to distinguish between process, parameters and process in the 

formation of sequences. Their conversation gravitates to an advanced socio-mathematical norm. 

Rita and her peers shift from a focus on mathematical skill to sophisticated notions of proof and 

equivalence.  

The effects of the game on participants’ learning are linked to its structure and to the qualities of 

ToonTalk and WebReports as the media by which it was conducted. However, there is nothing 

specific about these media which was essential to the game and its success. Only the orchestration 

of the design patterns which they embodied, as discussed in Chapter eight. 
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7.3.3 LN 2: Joe999’s GmR 

Overview 

Joe999, an 11 year old boy, programmed a robot to enact his process of discovery as support for a 

mathematical argument he posted in his webreport.  

Sources 

WR7, GmR6, GmR7, GmR8 

Situation 

Joe999 was an 11-year-old boy from London. His group worked with Ken Kahn on a different activity, 

and was not involved in the Guess my Robot game. 

Task 

Joe999 joined the GmR game independently, and decided to solve a challenge I had posted. After 

posting his solution verbally, he programmed a robot to present it. 

Actions 

At some point, Joe999 started using the system’s messaging facility to chat with me. His messages 

were social in nature. I tried to divert the conversation to activity related content. Eventually, I 

invited him to join the game. Joe999 found a challenge posted by me, and Ken showed him how to 

load the box into ToonTalk and how to use the wand to copy and subtract numbers. After some hard 

work, he managed to solve the challenge. Joe999 was very proud of his achievement and was 

confident he could train a robot to build it but had only time to write a short comment. 

Yish. After 10 minutes I figured out how to do the sequence. You take away 3.5. Then you find half 

of 3.5 and take that away from 11 and continue this sequence. 

To which I responded: 

Can you explain?  

Don't just talk. ToonTalk. Instead of telling my you figured it out, build a robot (or chain of robots) 

that produces this sequence. 

See you soon!! 

 

- Yishay 

Joe999 picked up the gauntlet, and trained a robot.  

 



Chapter 7: Design Narratives 

This robot did not produce the sequence 

puzzle. The robot calculates the differences 

in a box: 

Then it prints: 

A few weeks later, Joe999 published

posted a verbal solution, Joe999 responded:

You need to make this sequence with a robot!!!

Results 

Joe999 had used ToonTalk as a narrative medium. He had turned the execution of a program into a 

domain-specific genre. Without 

mathematical argument. This argument was narrative in structure, yet precise and succinct in 

nature. It is contextualized – by the ToonTalk environment and then by the packaging of the robot; it 

has a plot – the robot goes through a carefully chosen sequence of actions and events; it acts as an 

avatar for Joe999, expressing his voice when typing “I have shown this in this box. Good sequence 

though Yish”. Joe999’s code has a moral. The purpose of the

story is not their immediate outcome (a box of numbers, a block of text), but the implicit transfer of 

an idea. Yet at the same time, this form of expression leaves no room for ambiguity. After all, as 

anyone who has ever programmed a computer knows, if you are not completely accurate in your 

coding, the result will be anything but what you intended it to be.

Joe999’s initial response does not comply with the norms of the game, but his response to mariaf’s 

solution shows that he is keen to align himself with the rules, as he has inferred them from my 

prompts. 

Reflections 

Joe999 self-driven engagement with GmR shows genuine interest in the game and the mathematical 

ideas embodied in it.  Joe999 follows a trajectory fr

argumentation. The fact that his argument is expressed as ToonTalk code is tangential to its 

mathematical validity, but critical to Joe999’s learning. ToonTalk, as a medium, and its integration 

with the WebReports system, 

could not. These media afforded a smooth transition from action through intuition to structured 

  

sequence – it acted out the story of how Joe999 had solved the 

the differences between the terms  of the sequence and arranges them 

published his own challenge. When mariaf, a participant from Nicosia 

posted a verbal solution, Joe999 responded: 

You need to make this sequence with a robot!!! 

Joe999 had used ToonTalk as a narrative medium. He had turned the execution of a program into a 

specific genre. Without any guidance, he had used programming as a way of making a 

mathematical argument. This argument was narrative in structure, yet precise and succinct in 

by the ToonTalk environment and then by the packaging of the robot; it 

the robot goes through a carefully chosen sequence of actions and events; it acts as an 

avatar for Joe999, expressing his voice when typing “I have shown this in this box. Good sequence 

though Yish”. Joe999’s code has a moral. The purpose of the protagonist’s (robot’s) actions in the 

story is not their immediate outcome (a box of numbers, a block of text), but the implicit transfer of 

an idea. Yet at the same time, this form of expression leaves no room for ambiguity. After all, as 

ever programmed a computer knows, if you are not completely accurate in your 

coding, the result will be anything but what you intended it to be. 

Joe999’s initial response does not comply with the norms of the game, but his response to mariaf’s 

shows that he is keen to align himself with the rules, as he has inferred them from my 

driven engagement with GmR shows genuine interest in the game and the mathematical 

Joe999 follows a trajectory from exploratory game

argumentation. The fact that his argument is expressed as ToonTalk code is tangential to its 

mathematical validity, but critical to Joe999’s learning. ToonTalk, as a medium, and its integration 

allowed Joe999 to express himself in ways which other notations 

could not. These media afforded a smooth transition from action through intuition to structured 
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it acted out the story of how Joe999 had solved the 

sequence and arranges them 

 

 

a participant from Nicosia 

Joe999 had used ToonTalk as a narrative medium. He had turned the execution of a program into a 

any guidance, he had used programming as a way of making a 

mathematical argument. This argument was narrative in structure, yet precise and succinct in 

by the ToonTalk environment and then by the packaging of the robot; it 

the robot goes through a carefully chosen sequence of actions and events; it acts as an 

avatar for Joe999, expressing his voice when typing “I have shown this in this box. Good sequence 

protagonist’s (robot’s) actions in the 

story is not their immediate outcome (a box of numbers, a block of text), but the implicit transfer of 

an idea. Yet at the same time, this form of expression leaves no room for ambiguity. After all, as 

ever programmed a computer knows, if you are not completely accurate in your 

Joe999’s initial response does not comply with the norms of the game, but his response to mariaf’s 

shows that he is keen to align himself with the rules, as he has inferred them from my 

driven engagement with GmR shows genuine interest in the game and the mathematical 

om exploratory game-play to formal 

argumentation. The fact that his argument is expressed as ToonTalk code is tangential to its 

mathematical validity, but critical to Joe999’s learning. ToonTalk, as a medium, and its integration 

allowed Joe999 to express himself in ways which other notations 

could not. These media afforded a smooth transition from action through intuition to structured 
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mathematical argument. A key factor in this transition was Joe999’s ability to articulate his ideas in 

narrative form, first in words and then in code. 
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7.4 Convergence and Divergence 

7.4.1 RN 4: 1/n vs 1/2n 

Overview 

My high-level design of number sequences activities concluded with a section dedicated to 

convergence and divergence of sequences and series. Iteration 0 and 1 were hindered by the 

difficulties listed in Sections 7.2.1 and 7.3.1. The second iteration of the convergence and divergence 

activities benefited from a mature techno-pedagogical framework, but encountered unexpected 

difficulties which revealed insights regarding learners’ perception of the underlying mathematical 

concepts. 

Sources 

1overN.24jan05, SessionReport.27.feb.reciprocals, SessionReport.05.03.04.reciprocals-task-in-a-box, 

SessionReport.04.02.13.reciprocals-pre-activity, WR8, WR9, WR10, WR11, WR12, WR13 

Situation 

This narrative follows the refinement of activity design during 2003 (iteration 2), focusing on a group 

of eight children in London (group III). 

Task 

The convergence and divergence segment of activities was perceived as the pinnacle of the number 

sequence activities: a highly advanced topic which would express the programming and 

mathematical capacities learners had developed through the basic numbers and GmR activities. 

During the first year, this intention was left unsatisfied, as the preliminary segments demanded 

much more effort than expected. Having completed these activities successfully in the second year, I 

proceeded to experiment with convergence and divergence. The aim was to model converging 

sequences as ToonTalk streams, plot their graphs in Excel, and then use an Add-up robot to 

generate and explore their sum series.  

Actions 

The topic was introduced by a question: 

Can a sequence get smaller and smaller but not go below 0? 

This question was first presented in a pre-activity questionnaire, then opened for group discussion, 

and finally used as the topic for a group webreport. Once the group had identified two such 

sequences, I asked: 

What happens to the sums of these sequences? 
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As expected this raised a controversy: some thought that the sum series would converge, others 

thought it would diverge (without using these exact words). The disagreement on this issue provided 

the pretext for a set of tasks, formulated as an empirical study: 

1. Choose a converging sequence. 

2. Predict the shape of its graph. 

3. Model the sequence as ToonTalk Stream. 

4. Collect the terms produced by these robots and plot their graph in Excel. 

5. Compare the outcome to the prediction. 

6. Predict the behaviour of the sum series. 

7. Attach the Add-up robot to the modelled sequence, to produce a stream of partial sums. 

8. Plot the graph of the partial sums sequence, and compare to prediction. 

I directed learners to model the reciprocals sequence: {1/n}, under the assumption that it is the most 

simple and intuitive converging sequence. My hidden intention for students to discover that the 

sums of this sequence diverge, allowing them to generalise this outcome to all converging 

sequences, and then confront this claim with the inverse powers of 2: {1/2
n
}. 

Programming the reciprocals in ToonTalk seemed like a simple enough task: 

Provide the robot with a box containing a counter and a bird. In each iteration, the robot: 

1. Take a number “1” from the toolbox 

2. Copy the value of the counter, and divide the “1” by this value. 

3. Give the result to the bird (as the next term of the stream). 

4. Increment the counter. 

 

To my surprise, learners found this task challenging. I tried various measures for reducing the 

difficulty of the task, focusing on the main mathematical concept and eliminating extrinsic technical 

obstacles: 

• Supply the input box needed for training the robot, to provide learners with a starting point 

for the task. 

• Package the task and the instructions in a ToonTalk box, to reduce the confusion when 

shifting between environments, as in Figure 16. 

• Provide a robot that divides 1 by 2, ask learners to generalise it so that it will increment the 

denominator and repeat, thus producing the reciprocals, as in Figure 17. 

 



Chapter 7: Design Narratives  32 

 

Figure 16: Reciprocals task, packaged in a ToonTalk  box. 

 

 

Figure 17: Divide robot – needs to be generalised to produce the reciprocals. 

While these modifications helped, none of them made the task as easy as I had anticipated. Students 

still found this task much harder than training the Add 1 and Add up robots, even though it would 

appear to be of similar complexity: same order of number of actions, parameters, etc.  

The solution was provided by a chance incident: while working on this task, a pair of girls 

accidentally trained a robot to produce the sequence 1/2
n
. This robot was later referred to as the 

Halfer robot. The surprising thing about this incident was that although it would appear to be of 

similar structural complexity to the Reciprocals robot – more or less the same number and type 

of actions, same number of variables, etc. – students found it very easy to construct and understand. 

Observing their implementation, I noted that they produced the sequence as a recursive function: an 

= an-1/2.  

The implications for the activity design were obvious: I had intended to open with {1/n}, which 

would lead to the conjecture that all sum series diverge, and then present {1/2
n
} as a counter 

example. In fact, the basic design was almost indifferent to the order in which sequences were 

presented. I switched to using {1/2
n
 } as the initial sequence and {1/n} as the counter-example. 

In the final version of the activity design, tested in 2004, learners chose their own sequence to 

explore and were later shown a counter example as appropriate. Practically all learners expressed 

their sequences as recursive functions, and consequently modelled power series which converged.  

The various attempts I had made to reduce the complexity of the task also made their way into the 

final design: tasks were packaged in ToonTalk boxes, embedded in report templates, and included 

partially programmed components to minimise learners’ work on mathematically insignificant 

activities. 



Chapter 7: Design Narratives  33 

I was somewhat anxious about the next step: chaining Reciprocals to Add up to obtain the 

harmonic series. Learners had no problem following the process and immediately proceeded to 

chain the robots to the excel tool, in order to collect the sequence data and plot it. In the classroom 

discussion that followed learners described their findings in an accurate and sophisticated manner.  

Results 

Despite the difficulties, learners were deeply engaged in these activities, and showed significant 

learning gains.  

Learners’ initial concept of sequences was strictly linear. In the course of these activities they 

learned to identify and describe non-linear structures.  

Learners initially found the notion of a sum series very difficult to work with, often confusing the 

sequence terms with its partial sums. This difficulty was predicted by the literature. Having 

constructed the sequences, combined them with an Add-up robot to produce the partial sum 

series, and plotted both – this confusion seemed to disappear. 

Learners’ initial conjectures and arguments were simplistic in content and in form. As the activities 

progressed, their reports showed a growing sophistication of mathematical discourse.  

Apart from the reciprocals task, most students found the level of challenge of most individual tasks 

reasonable and enjoyable. However, the minor “wrinkles” in activity and tool design meant that the 

sequence of activities as a whole took much longer than expected. 

The lessons learnt from this iteration informed the final design, which was tested in 2004 with 

notable success. Following this iteration, I developed detailed on-line worksheets for each task in 

this segment of activities. These worksheets where presented as WebReport templates, with 

embedded ToonTalk boxes containing task instructions and partially trained robots.  

The most important change of design was that I decided to side-step the question of which sequence 

to explore first ({1/n} vs. {1/2
n
}): in the next version, learners would propose their own sequence to 

explore. Based on their choice, I would then select the counter example.  

Reflections 

Some of the improvements to design which emerged from this trial of the convergence and 

divergence activities could be classified as straightforward issues of usability. These include the 

packaging of tasks as ToonTalk boxes, and the use of partially trained robots. Although my insights 

emerged from this experience, they are not specific to it, and could have been derived from others.  

The most important outcome of this trial was of a different nature. The order in which the 

sequences were presented may be a very subtle change in design, but it had a profound impact on 

learners’ achievements. This change resolved the difficulty learners had modelling their first 

converging sequence, a critical step in the learning trajectory. Unlike the other issues, this is not an 

issue of general usability: it is related to learners’ innate understanding of sequences. As evidenced 

by the analysis of GmR challenges, the naïve concept of sequences is iterative, or recursive: a 

function from one term to the next. This is in contrast with the “schoolbook” concept of a sequence 
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as a function of the natural numbers. Analysis of learners’ pencil and paper texts indicates that the 

preference for the recursive form is not related to the ToonTalk medium. Yet this medium, and the 

STREAMS pattern, gave the recursive form an added advantage. Thus, the design of activities for 

learning – my generative epistemology – exposed insights regarding innate processes of learning – 

the genetic epistemology of number sequences. These insights fed back into my design, thus 

ratifying my conjectures, and at the same time producing a more effective learning design. My 

observations regarding the epistemology of number sequences are not derived from the pedagogical 

structure alone, or from the technical aspects of the media – but from their interaction. 

Finally, the power of the design of these activities is in that it explicitly positioned learners as design 

researchers: exploring a mathematical question by designing and manipulating representations for 

it. This idea was expressed vividly by the group who participated in the final iteration. As part of a 

summative interview, they were asked what they found interesting and what they had learned. One 

boy explained: 

um, like the debates were great, about um, is there a limit and can we prove it and um, also 

I’ve learnt a lot more on how to prove things in Algebra, with the ak for the terms and 

everything about which I didn’t know before. I’ve learnt a lot more about that. 

And concluded: 

You gotta have a proper method instead of just, like, um, try and fail 

While his friend remarked: 

If you program a robot to do it rather than having to write down each thing you can get a lot 

more results done and also you can see exactly sort of what’s going on its not just like “just 

DO it” and like “that’s just what you have to do”. You have to build the robot yourself and 

so you know exactly what it’s doing. 

And later in the same interview: 

its about logically thinking things through, rather than just um, like you being told that this is 

the equation you have to do and say “oh, yeah”. So, what we’re being told is right, instead 

we sort of have to discover for ourselves, and you then have to think through things more 

logically. Think more in depth into things.  
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7.4.2 LN 3: Sodapop’s convergence 

Overview 

Sodapop, a participant in the 2004/05 trial of the convergence and divergence activities, explores 

the sequence {100 * ½
n
 }. He posts his conjectures, and reflects on his mistakes. 

Sources 

WR14, WR15, WR16 

Situation 

Sodapop was a 14 year old boy from London (group IV) who participated in the convergence and 

divergence activity in 2004/05 (iteration 3). This narrative focuses on a couple of sessions in which 

he explored a sequence and published his findings in a webreport. 

Task 

Following the instructions in the activity worksheet, Sodapop’s task was to: 

1. Choose a sequence that “gets smaller and smaller but never goes below zero” 

2. Predict the shape of the sequence’s graph 

3. Model the sequence and test this prediction 

4. Predict the behaviour of the sequence’s partial sums series. 

5. Connect the sequence to the Add-up robot and test the prediction 

6. Publish a report with the robots, graphs, and reflections on the activity. 

Actions 

Sodapop chose to explore the sequence: 

an = 100 * ½
n
 (n=0..∞) 

He modelled it in ToonTalk by training a robot to receive a number, repeatedly half it and send out a 

stream of the results. Having testing his robot, Sodapop packages it in a box (Figure 18) similar to the 

task boxes provided in our worksheets and posts it to his report. His box includes a description of the 

robot: 

This robot halves numbers. The sequence never goes below 0. 

 

Figure 18: Sodapop's robot, packaged for publication. 
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Sodapop collected the outputs from his robots and plotted their graph in Excel. He saved the graph 

as an image, and used the Paint program to overlay his prediction of the sum series on it. He 

embedded this image in his report and proceeded to test his conjectures. 

 

Figure 19: Graph of Sodapop's sequence, overlayed with his prediction for the sum series 

Sodapop generated the partial sum series by connecting his robot to an Add-up robot he had 

constructed in the past. He then plotted its terms, and observed that his conjecture was partially 

correct. He posted the graph (Figure 20), along with his observations: 

This is the real graph that was produced by the cumulate total of the halving-a-number robot. 

it looks like the top of my graph but i made the fatal mistake of thinking it started at zero. I 

also said it wouldn’t go over 100, which was very wrong. 

 

Figure 20:Sodapop's  graph of the sum series of his sequence 

Sodapop concludes his report with a statement of his finding and a reflection on his errors: 
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After lengthy research and a detailed experiment, I have concluded that if the primary source 

was an integer between 99 and 101 (not including those numbers) that the cumulative total 

can never go above 200. His is because if you have 0.1 and you double it and add it together 

you will get 0.15 so every time you d this you will get another number after the decimal 

place. So you will constantly get more numbers after the decimal place, but the numbers 

closest to the decimal place will not be getting any larger. 

Results 

Sodapop had no difficulty with any part of the task, and found it highly engaging. He even extended 

the task on his own initiative, using the paint program to draw his predicted graph. 

Sodapop’s initial prediction was based on visual intuition: his sum-series graph is a mirror image of 

the sequence graph. After observing the actual data from his construction, he seeks a more rigorous 

explanation. While his claim is flawed, it is structured as a mathematical argument. 

Sodapop perceives the sequence recursively, and distinguishes between its structure and 

parameters. The robot is a direct implementation of: an = an-1/2, where a0 is assigned the value 100 

by providing that number in the input box. In his report Sodapop describes it as “A Halving 

sequence”, and does not refer to its actual values. In his argument he changes the value of a0 to his 

convenience, implying that it is not fundamental to the nature of the sequence. 

Sodapop acknowledges and elaborates the mistakes he made. At a meta-cognitive level, such 

reflexive behaviour is conducive to learning. Learners are often reluctant to publically acknowledge 

their mistakes for fear of losing face.  

Reflections 

Sodapop interweaves words, images (graphs) and ToonTalk objects in his text, drawing on all 

available resources to present mathematical arguments and share the path by which he reached it. 

The possibility of mixing media, and referring directly from the verbal text to the objects he used 

plays a critical part both in his learning and in his ability to articulate his ideas.  

Sodapop expresses his ideas in narrative. The text begins with an exposition, providing the context in 

an initial situation of failure: the protagonist had made “a fatal mistake”. The tone is personal and 

dramatic. It suggests a voyage of discovery. All this is superfluous in terms of mathematical 

argumentation. Yet to allow students to make mathematics “a land of their own” (in the words of 

Healy & Sinclair, 2007), these elements must have their space. As for the central mathematical 

argument, it can only be understood if read as a narrative. It is framed as a protagonist (you) 

engaged in a sequence of events: “you have 0.1 and you double it…”. As in any good narrative, the 

final conclusion is left unsaid: if starting from 0.1 the sum series is bounded by 0.2, then starting 

from 100 it is bounded by 200. It is our role as teachers to accustom the student to make the whole 

line of reasoning visible, but in order to do so, we need to better understand his naïve modes of 

reasoning and expression. The narrative mode should be seen as a starting point on the path to 

mathematical rigour, not its enemy. 
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Although Sodapop’s narrative does contain elements of identity, it is predominantly a tale of a 

problem to be solved and the lessons learnt in the attempts to do so. Just as his mathematical 

arguments do not qualify as scientific discourse, neither does his narrative. Still, both are notable 

steps in the right direction. In effect, Sodapop had conducted a design study of a mathematical 

question, and reported on his findings in a design narrative. 
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7.5 Technological Infrastructure 

7.5.1 RN 5: Supporting Number Sequences Activities with the 

WebReports platform  

Overview 

As part of my role in the WebLabs project, I was responsible for the design and development of 

WebReports, the project’s web-based collaborative platform. This platform provided a wide range of 

services in support of the variety of WebLabs activities. The design narrative presented here focuses 

on the evolution of the system with respect of the needs of the number sequences activities, as 

described in sections 7.2, 7.3 and 7.4. 

Sources 

D3.2.1, webreports_gordonyishay.02-03, WebReports 

Situation 

This narrative follows the evolution of the WebReports system from its inception in September 2002 

to its final form in 2005.  

Task 

My initial intention was to provide a web-based platform which would allow groups of students, 

aided and guided by their teachers, to publish carefully crafted accounts of their work, and to discuss 

their work on-line with peer groups in remote sites. 

This aim quickly proved unrealistic. Instead, an intricate list of required features emerged from the 

needs of the activities as their designs matured. Taken together, these comprise a demand for a 

system which affords individual record of and reflection on mathematical construction, leading to 

collaborative construction and activity-centred communication. 

Actions 

I began developing the WebReports system in August 2002. In preparation for the WebLabs 

inaugural meeting, I constructed an html/javascript mock-up, demonstrating the basic proposed UI 

features and workflows (Figure 21). The main objective of this was to provide an object for 

experimentation and discussion with project team members.  
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Figure 21: login page of "mockup" used to demonstrate WebReports design  concepts to 

project members 

Based on this discussion, I developed the first prototype of the system over the next few weeks. It 

consisted of a web server and a small set of custom html tags (Figure 22). The supported features 

included those accepted as most important, but also those which generated the most debate. Thus, 

the prototype provided an opportunity to continue the debate with reference to tangible examples. 

Among these features were several templates for authoring reports and a software mechanism 

called “notes”, to be used for commenting. Notes were to serve both as an object of discussion and 

a mechanism for our collaborative interchange. They were implemented as special tags which could 

be inserted into web pages. Where they are present, the web server generated a special link which 

allowed the reader of the page to annotate it.  
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Figure 22: Notes mechanism developed as first prototype of the WebReports system 

Experiments with the notes mechanism revealed that its rich features were not accessible to less 

technically versed learners. While it was possible to edit reports in a WYSIWYG editor, the note tags 

were added at code level and publishing was done by FTP. Such technicalities meant that posting 

reports required a level of technical competence beyond that of most teachers and students. 

Furthermore, many features we identified as necessary for the support of prolonged activities were 

judged to require a substantial development effort. With a view on the scheduled classroom 

experiments, it seemed reasonable to search for an existing technology which would support most 

of our needs and would be easy to install, use, adapt and maintain. The system was also required to 

support rapid redesign of content and structure as the activity plans evolve. This suggested Wiki 

technology as a suitable approach. The JSPWiki (http://jspwiki.org) platform provided an easy 

mechanism for registering users, creating and editing collaborative reports, embedding user media 

in pages, and maintaining versions of reports. Most students found the wiki markup easy to use, 

even entertaining (although some of the adults found it challenging). The Wiki was used successfully 

by students in several countries to collaborate on number sequence activities, as illustrated in 

section 7.3.1. It was also used by researchers to share their designs and tools as an aid for 

collaborative planning of the following year’s activities. The main weakness of the Wiki was that it 

was too permissive: it did not impose structure, neither on the site as a whole, nor on individual 

pages. Instead, social conventions needed to be constantly negotiated and enforced. On the other 

hand, the Wiki’s malleability was invaluable in research terms. It afforded experimentation with 

different feature sets and educational practices, and eventually led to a clear definition of needs for 

the final phase of design and development.  
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Figure 23: second prototype, based on the JSPWiki platform 

The final version of the WebReports system was in use for the last 18 months of experiments. During 

this period, approximately 400 registered users published nearly 600 reports. Many more reports 

were posted and shared but not made public. At its core, WebReports was a content management 

system, based on the open source Plone platform, reduced and enhanced to include the exact 

functionalities required for the chosen educational activities (Figure 24). Among its critical elements 

were a multi-dimensional navigation scheme, a multi-media document structure and commenting 

tool, and mechanisms to support active learning through templates, tutorials and tools. 

 

Figure 24: Final form of the WebReports system 
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Results 

One of WebLabs’ declared aims was to combine individual constructionist learning with collaborative 

knowledge building. The initial interpretation of this aim was naïve: it was hoped that children’s 

excitement would drive them to spontaneously share their experiences and comment on each 

other’s observations. Unsurprisingly, this did not happen. Success came with the shift to activity 

design which intentionally promoted discussion and encouraged learners to make the most of 

personal explorations. The result was the WebLabs common activity framework (Error! Reference 

source not found.), developed in collaboration with Celia Hoyles, Richard Noss and Gordon Simpson 

(Mor et al, 2006). Each activity is initiated with a mathematical question, which is discussed by the 

group. Individual programming tasks emerge from this discussion. The products of these tasks are 

published by students in their individual reports, along with any observations and conjectures 

derived from them. Students then comment on each others’ reports and confer in a group 

discussion, sharing their new knowledge. The discussion results in a group report which reflects the 

consensual understanding of the group. Where disagreements remain unresolved, they are noted as 

minority opinions. The group report is then exchanged with a remote group, working through the 

same topic. Both groups compare their findings and try to resolve any differences. This discussion 

raises new questions for investigation, which lead into a new cycle of activity. 

  

 

Figure 25: The WebLabs common activity framework (adapted from Mor et al, 2006) 

The WebLabs common activity framework continuously flows between individual and social spaces 

of learning. Group discussions lead into individual explorations, which in turn inform more educated 
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discussions. This flow is mirrored in the design of media. Webreports begin their life-cycle from a 

shared template, often tailored to questions derived from a specific group discussion. By using this 

template to create a report, the student transports it – and herself – from the public to the private 

space. The report is located in the student’s personal folder and remains there until she chooses to 

share it. This report will serve as the starting point for individual modelling in ToonTalk, as well as an 

intermediate storage for models and as a research diary of sorts. Students move back and forth 

between the ToonTalk environment and the WebReports system throughout the individual 

modelling phase, drawing tools from the system to their personal environment, consulting tutorials, 

or uploading drafts and components of their work. As they proceed with their tasks, they note down 

observations. Eventually these mature to a report which hopefully contains a coherent argument. 

That argument is expressed in text, graphics and code. Once they are comfortable with it, they click 

the ‘publish’ button and the report is listed in the group and topic indices. With this, they are 

relocated from the individual realm of learning to the social. The interweaving of individual and 

social was not limited to the textual components of the reports. Students used graphs, diagrams and 

code as means of communication. The Objects to think with became Objects to talk with. Indeed, 

the GmR game described in section 7.3 was based on the principle of expressing and exchanging 

ideas embodied in code. The commenting mechanism of the WebReports system was designed 

specifically to meet this challenge. 

To recap, the synergy between individual and collaborative learning is expressed in the flow of 

reports from personal to shared space and in the typification of group reports. It is also expressed in 

the construction and exchange of digital artifacts which capture students’ emerging knowledge in 

diverse representations. These features have seeped deep into our classroom practices. Group 

discussions were often initiated by reviewing personal reports. The availability of live models within 

these reports enabled us to bring the models into a live classroom discussion as well.  

The constant flow between individual and collaborative learning spaces is illustrated in the 

convergence and divergence activity described in section 7.4.  

Reflections 

The common activity framework and its technological embodiment may seem intuitive and 

straightforward. The structure presented here is the form it took by the end of the third design 

iteration. This was preceded by many messy drafts of both the pedagogical structure and of the 

supporting technological infrastructure. The refinement of practice was echoed by the evolution of 

technology, as demonstrated in the elaboration of the types and uses of webreports, described in 

the previous sections. Another example is the mechanism of embedding code in reports. The first 

prototypes of the WebReports system required a somewhat complex sequence of actions to embed 

a ToonTalk model in a report page. Having realized that this is an action which all users need to 

perform on a regular basis, I directed significant effort at streamlining it. New ideas needed to be 

tested at minimal development costs  in order to allow these changes to emerge. This was achieved 

by using open source systems which allowed enough flexibility to experiment and explore various 

ideas before fixing them as system features. Social conventions often bridged the gap between 

development iterations.  
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The principle of narrative spaces is yet another example of the co-evolution of the system and our 

understanding of its potentials for learning. ToonTalk was not intended to be used as a narrative 

tool, yet an awareness of the epistemic importance of narrative enabled us to identify when it was 

instrumentalized in this manner. Likewise, the flexibility of the WebReports system was initially a 

consequence of implementation constraints: having used a Wiki for prototyping, the ability to 

impose structure was limited. This limitation gave learners the ability to express themselves in 

narrative form. The analysis of learning highlighted the virtues of this ability, and its contribution to 

individual and social learning. Consequently, it was consciously retained and enhanced in the design 

of the final version of the system.  
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7.5.2 RN 6: Eager Robots 

Overview 

The disappointing results from the first trial of the stream-based activities led me to question their 

fundamental design, and by extension – its epistemic basis. At the same time, I considered usability 

factors which may have presented obstacles. 

Sources 

1overN.24jan05, Lessons_Learnt_Convergence_IOE 

Situation 

This design narrative concerns the transition between iteration 1 and 2.  

Task 

My first attempt at using STREAMS was far from encouraging. Learners succeeded in constructing the 

individual robots, and with significant effort and guidance managed to chain them to produce the 

sum series. However, they were not able to explain the outcomes or derive any mathematical 

understanding. The results were so poor that I did not even considering conducting interviews or 

collecting observations. As a temporary measure, I reverted to a non-modular design, where 

learners constructed a single-function robot for each task. This approach appeared to be somewhat 

more successful, but the actual causes of success and failure were unclear. 

 During the summer break I set out to redesign the tools and activities in light of the outcomes of 

iteration 1. 

Actions 

My main conclusion was that the practice of chaining robots was too complicated. I decided to relax 

my requirements for generality and modularity, in favour of the mathematical learning aims. I 

redesigned the task based on the successful second session trial. I went as far as speculating on the 

deep epistemological reasons for this failure, and generally the inadequacy of requiring modular 

programming. 

At the same time, I considered a possible interface design factor affecting the “readability” of chain 

of robots. In the original design of ToonTalk, it was expected that only one robot (or team) would 

operate in a house. Different teams, possibly communicating by birds, would be sent by trucks to 

other houses. To make the actions of the robots easier to perceive by the programmer, robots were 

designed to be “eager” to show what they were doing, shifting location to perform their work in the 

programmer’s field of view. This “eagerness” of robots to show their actions is very useful in the 

original design. However, when several robots are working concurrently in the same house, and 

competing to display their actions, the resulting image is extremely confusing (Figure 26). 
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Figure 26: "Eager" robots. In the orginal design of ToonTalk, robots would always move into 

the viewport to show the user what their actions. As a result, two or more robots working 

concurrently were impossible to follow. 

The solution was to make robots less “eager” to display their work; restricting each robot to run only 

in the view frame in which it was invoked. Thus, by placing several chained robots in a reasonable 

distance on the floor, the programmer could move from one to another, and observe each robot’s 

actions without being distracted by its peers (Figure 27). 
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Figure 27: Not-so-Eager robots. In response to my suggestion, Dr. Ken Kahn modified 

ToonTalk’s behaviour, so that robots would remain within their original space. The user 

could scroll across the floor to observe each robot’s actions. 

Results 

Turning off robots eagerness seemed a subtle change of interface design. Yet its effect was clearly 

seen in the results of iteration 2. Learners in several sites used the stream based activity design to 

successfully explore a range of mathematical subjects, as described in sections 7.2, 7.3 and 7.4. The 

non-modular design was abandoned, along with its epistemological justification. 

Reflections 

The primary lesson implied by this narrative is one of modesty and caution. In my disappointment at 

the failure of my design, I resorted to far-reaching conjectures regarding learners’ perception and 

epistemology. These conjectures were refuted by a minor change to the interface of the tool I used. 

Had I used a commercial product, such a change would not be possible. It was only my rapport with 

ToonTalk’s designer which allowed me to test the “eager robots” hypothesis, and differentiate 

interface design from mathematical epistemology. 

By extension, this incident highlights the difficulty of designing technologically enhanced 

environments for mathematics education; this is an endeavour in which the technology, 

mathematics and education are inseparable. The designer needs to have the capacity to manipulate 

all variables in order to optimise the products of design – both in terms of the theoretical and the 

practical ouputs. 

The accessibility of chains of non-eager robots, in contrast to eager ones, can be interpreted as an 

issue of narrative structure. In the non-eager case, the programmer can follow the narrative of the 

program’s execution. She can observe one robot after another playing out their role. In the eager 

version, it is never clear “what” is happening to “who”. 
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7.6 Conclusions 

This chapter presented nine design narratives: six RNs and three LNs, as a demonstration of the 

design narrative construct and its role in the cycle of design research in technology enhanced 

mathematics education (TEME). 

The narratives presented here cover the three main subject themes and the supporting 

infrastructure, over the three years of design experiments. This coverage is far from comprehensive; 

the narratives were chosen to illustrate a variety of scale, data sources, and analytical foci.  

These narratives expose insights at different levels. Some are unique to the situation at hand, some 

generalise to a broader scope within TEME, and some reflect on the nature of design science, as 

practiced in this study. 

The situation-specific outcomes should be read in the scope of the narrative they emerge from, and 

thus will not be repeated here. Several generalisable observations stand out; the potential of the 

STREAMS design pattern, the importance of combining construction, communication and 

collaboration, the role of narrative, and the recursive intuition of sequences. 

STREAMS proved apposite to teaching and learning about number sequences. It allowed learners to 

distinguish between process, parameters and product, construct complex mathematical entities 

from simple blocks, appreciate the characteristics and behaviour of classes of sequences, and 

articulate sophisticated arguments. At a meta-level, this observation raises the question of software 

design patterns as educational tools: design patterns might make it possible to provide participants 

in constructionist learning environments with the knowledge of how to create their tools, rather 

than use pre-fabricated tools. This should be an advantage where the tool embodies a mathematical 

idea in its very structure, or when understanding the workings of the tool is required for 

understanding its effects and uses. This conjecture calls for further research. 

All the activities, in their final form, encourage learners to assimilate mathematical concepts through 

a combination of construction, communication, and collaboration. The technological infrastructure 

evolved to support the streamlined integration of these modes of action. Construction challenges 

preconceptions and seeds new ideas, but these need reflection to be transformed to structured 

knowledge. Communication can drive reflection, but only if it can draw on substantial relevant 

experiences. Collaboration is a powerful motivator of sustained communication, and consequently 

reflection.  

The synergy of construction, communication and reflection echoes the fundamental epistemic 

model proposed in Chapter Four. It highlights the importance of narrative in constructing 

mathematical knowledge, through guided transition from action to narrative to propositional 

discourse.  

Several of the LNs demonstrate the recursive nature of the naïve concept of number sequences. 

Allowing learners to encode their intuitions in ToonTalk evinced how this concept is no less 

mathematical than the indexed view. Activities only gained momentum once their design 

acknowledged learners’ intuitions and was adjusted to harness them, rather than try to fight them. 

On the other hand, the initial iterations of design were necessary in order to expose those intuitions. 
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Among the more general themes that surface are the co-evolution of technology and pedagogy, the 

interdependence of interface and substance, and consequently the fluidity of design and the need 

for flexibility and malleability.  

The initial choice and design of technology was driven by embryonic pedagogical ideas, yet only the 

interaction with these ideas through the technology allowed them to mature. The technological 

choices influenced the direction in which the pedagogy evolved, and in turn the pedagogy dictated 

the trajectory by which technology developed.  

This symbiosis between technology and pedagogy, or epistemology, was expressed in the 

fundamental, structural layers – but also at the level of the interface. The best ideas, expressed 

through the best technology, will fail if the interface by which the user interacts with the technology 

is not tuned to the underlying concepts and methods. This observation reiterates Herbert Simon’s 

emphasis on representation as a characteristic of design science, noted in Chapter two. 

One theme that presents itself as a question for further research is the notion of learners as design 

scientists. Several parallels were drawn between my process of research, and students’ learning 

trajectories. These parallels should be further elaborated, and perhaps used explicitly as a basis for 

educational design. 

Finally, a lesson that shines through these design narratives is that there are no silver bullets. No 

element of design, technological as pedagogical, has guaranteed effects on its own – only their 

careful assembly. Solutions are context dependent. This calls for means of analysing the narratives 

to identify and articulate individual elements of effective design, and then synthesising those to 

devise solutions for novel problems. ToonTalk, WebReports, and their integration were conducive to 

effective learning. But the medium is not the message: the same effects could have been obtained 

with alternative media, as long as these would have exhibited certain qualities. These qualities 

transpire as the narrative’s corollaries. Yet in their current form they are scattered and isolated. 

Chapter eight addresses this need by offering a collection of design patterns, as a step towards a 

pattern language of construction, communication and collaboration in technology enhanced 

mathematics education. 


